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ON THE SOLUTION OF AN OPTIMAL CONTROL PROBLEM FOR
A THIRD ORDER EQUATION
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(Presented by Academician of ANAS T.A.Aliev)

The problem of the minimum of a quadratic functional with an additional condition at a finite
moment is considered for processes described by the initial-boundary value problem for a third-order
linear equation with a single spatial variable in the presence of distributed and starting controls.
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Statement of the problem. Let us con-
sider the process described by the problem

ﬂztt + Zt _‘szxxt - Zxx =U(X,t), (l)
(x,t)eQ:{0<x<1,0<t<t1},

2(x,0)=0, z(x0)=0(x),0<x<1, (2

2(0,t)=z(1t)=0, 0<t<t, 3)

where f,& are given sufficiently small positive
constants, t, is fixed moment of time.

It is required to find such a distributed
control u=u(x,t)e L,(Q) and start control
v =u(x), for which the corresponding solution
z(x,t) of problem (1)-(3) satisfies condition

2(x,t,) = (x) (4)

and the functional

J(u,v) = Huz(x,t)dxdt +aj'v2(x)dx (5)
Q 0

takes the smallest value, where « is a positive
number.
We note that the solution of problem (1) -
(3) is understood in the generalized sense.
Representation of the solution of prob-
lem (1) - (3). We seek the solution of this

problem in the form z(x,t)=y(x,t)+a(x,t),

where y(x,t) and w(x,t) are the solutions of
the following problems, respectively

ﬂytt + yt _‘EYth - yxx :0'
¥(%0)=0, y,(x0)=0(x), ()
y(0.t)=y(Lt)=0;

ﬁa)tt TO =80y — Wy = U(X't)’
o(x,0)=0, ,(x,0)=0, (11
w(0,t)= w(L,t)=0;

We seek the solution of problem (1) by
the method of separation of variables, i.e. we

seek in the form y(x,t)= X(x)-T(t) Then we
obtain an eigenvalue problem with respect to

X (x)
X"(x)+AX(x)=0,  X(0)=X(1)=0.

It is known that the eigenvalues and
orthonormal eigenfunctions of this problem are

A =mk%, X, (X)=-/2sinzkx, k=12,...

Taking this into account with respect to
T(t), we obtain the following Cauchy problem

BT +(+ar™? )T +7%k* =0, T(0)=0, T(0)=0,. (6)
Solving this problem and substituting its

solution into y(x,t)= X(x)-T(t), we obtain the
following representation
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y(x,t)= Z# O, - (e'Z(k)‘ - e'l(k)‘)sin &x, (7)

k=1 Iz(k)_ |1(k)
where 1,(k), 1,(k) are the roots of the characte-
ristic equation corresponding to equation (6),

1
v =2 Iu(x)sin KXX.

0

We seek the solution of problem (II) in
the form

o(xt)= 3R, (t)sin kx .

k=1

Then we obtain the Cauchy problem with
respect to R (t)

BRi+(1+ar 2k JRic+ 72K R, =

00 R0-0, RO-0

where

1
u,(t)=2[u(& t)sin k¢ .
0
It is easy to show that
S SR YRS S RN A _
Rk(t)_lz(k)—ll(k)-([(e e Ju (s)ds, k =1,2....

and therefore the formal solution of problem

(1) is

o(x,t)= gmi(e'zw‘*) —eH )y, (s)ds sin zkx. (9)

Substituting  (7) and (9) into
z(x,t)= y(x,t)+o(x,t), we get that the formal
solution of problem (1)-(3) is

N 1 1, (k 1 (k)
=S e )

t
+%I(elz(k)(t-s) - e'l(k)(t_s)) Uk(S)ds} sinzkx , (10)
0

Further, using the negativity of
(k) 1,(k) , the orthogonality of systems
{sin zkx}, {cosskx}, we prove that the series for
z(x,t), representable in the form (10) and the
series obtained from (10) by differentiation
with respect to t and x converge uniformly in
L,(0,1) with respectto t .

Thus, we have the following

Theorem 1. For any u(xt)eL,(Q) v(x)eL,(02)
problem (1)-(3) has a unique solution represen-
table in the form (10).

Reduction of the minimum problem for
the functional (5) to the conditional extre-
mum problem. Substituting (10) in condition
(4) after simple transformations, we obtain
equalities

2f A, (0, ()t + 1€, =260, 0010 k=12, (11)

where
Ak (t)= elz(k)([ﬁt) _ell(k)(tft), Ck — elz(k)tl _ell(k)tl ,

9 =2 I ¢(x)sin zkxdx.

0

Substituting the expansions

o0

u(x,t)=">"u(t)sinkx, v(x)= guk sin 7kx

k=1

into the functional (5) and taking into account
the orthonormality of the system {sinzkx}, we
reduce it to the form

J(X,U)=Zﬁuf(t)dh—a(uk)z}. (12)

o
k=1

Thus, the minimization of the functional
(5) under condition (4) is reduced to the mini-
mum problem (12) under the conditions (11).

Since the conditions (11) and the terms in
(12) do not depend on each other, we can consi-
der the sequence of minima of the functionals
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ty
Jk(uk,uk):juf(t)duukz, k=12,., (13)
0

under the conditions (11).
To solve the k-th problem, we formulate
the Lagrange function

L (U, 04 Ao A1) = 2o U2() + et |+ A [2A, (), (6) + pC,02 ] -

In the virtue of [2], we find that if
0, (t).5? gives the minimum to a functional

J,(u,,0,) then there exist numbers 7,7, that

are not equal to zero simultaneously that the
identities hold true

20, (t)+ A ()=0, Zad, + 18, =0.

Since A(t)=0,te[0,t,), then assuming
4, =1 we determine the following relationships
from the last system:

or after determining /, from the condition (11)
we finally have:

1.1)=LLK LKA 5 _B0LK)-LKnC (14)
D, D,

where

']
D, =2 A’(t)dt+ B7C;.
0

On the basis of these calculations the
following theorem is proved:

Theorem 2. For any u(xt)eL,(Q), v(x)eL,(01)
the problem of the minimum of the functional
(5) under the condition (4) has a solution
0, (xt), 0.(x) that is representable in the form

a(xt)=> g (t)sinzkx, 5(x)= iﬁk sin 7k,

k=1 k=1

0

where T, (t), 0, are represented by formulas (14).

The theorem is proved on the basis of the
following arguments: if T, (t), O, gives the

minimum to the functional (5) under the
condition (4), then the function

1

3,(6.7)= [[a2@)+ e, OF dt+ alG, +71.f @5)

0

attains a minimum at the point (0,0) under the
condition

o(6.7)=2] A, €)+ 5h, O+

+BC, (6, +71)-2B(,(k)-1,(k)= 0. (16)

We make the Lagrangian for problem
(15), (16)

ty

L<a,y,zo,z1>=ao[j(aat)mwk(t)fdtm(ak+yrk>2}

w[a‘ja(m <t>+mk<t))dt+ﬁck<ak+yrk>—zﬂ<lz<k)—|1(k»}

and show that the matrix composed of the
second derivatives of the function L(5,7,4,,4,)

with respect to &,y at (0,0) under the condition

9(00), , %00), _,
05 or

is positive, which means that the point (0,0) is a
minimum point of J,(5,7) Hence, G,(t) o,
delivers a minimum to the functional J, (u,,v,)

under the condition (11).

On the convergence of series in (12). To
prove the convergence of these series at
G, (t), D, we show that

02(t)~Me? ), 5, ~Me?:®

and since 1 (k)<0, then series iﬁkz(t) is
k=1
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UCTORTIBLI TONLIK UCUN BiR OPTIMAL IDARDETMO MOSOLOSININ
HOLLi HAQQINDA

M.H.Yaqubov, R.B.Zamanova
Moagalods bir foza doyisoni olan tigtortibli xiisusi téromoli Xatti tonlik liglin qarisiq masslo ilo tosvir olunan
prosesin son aninda olavs sort daxilinds kvadratik funksionala minimum veron paylanmis vo baglangic idaroedicilorin
tapilmasi mosalosi aragdirlir.

Agar sozlar: paylanmig idaraedici, baslangic idaraedici, tigtartibli tonlik

O PEHIEHUHA OTHOM 3A/TAYM ONITUMAJIBHOI'O YIIPABJEHUSA 1151 YPABHEHUSA
TPETBEI'O ITIOPAJKA

M.A.AAry6os, P.b.3amanoBa
B pabote paccmarpuBaeTcs 3a1aua MUHUMYMa KBaJAPATUIHOTO (PYHKIFOHAA C IOTIOIHUTEIFHBIM YCIOBHEM B KO-
HEYHBIII MOMEHT BPEMEHH B MPOIIECCaX, ONMCHBAEMBIX HaYaJIbHO-KPAEeBOU 3a1aveii sl THHEHHOTO YpaBHEHUS TPETHETO

TIOpsIJIKa ¢ OHOW MPOCTPAHCTBEHHOH MEpEeMEHHOM PN HAIMYNH Pactpeie]IeHHOT0 U CTapTOBOTO YIPaBICHHH.

Knrwueswie cnosa: pacnpedenennoe ynpagienue, Cmapmosoe ynpagierue, ypagHeHue mpemve2o nopsaoxka
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