6 THE REPORTS OF NATIONAL ACADEMY OF SCIENCES OF AZERBAIJAN, 2019, VOLUME LXXV, Nel

UDC 517.984

INVERSE SPECTRAL PROBLEM FOR PERTURBED HARMONIC OSCILLATOR

A.Kh.Khanmamedov*?, H.M.Masmaliyev?, M.H.Mahmudova?
(Presented by Academician of ANAS M.F.Mehdiyev)

An inverse spectral problem for anharmonic equation on the half line is considered. Using the
transformation operator special solution with asymptotic behavior at infinity is constructed. The main
equation of inverse problem is obtained. We develop an algorithm for solving the inverse problem.
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main equation

One of the most important problems of
wave mechanics is the problem on quant oscil-
lator. Description of oscillating motions of

atoms molecules and crystals (see[1]). Let as

consider a boundary value problem generated
by the anharmonic equation

—y"+x2y+q(x)y =2y, 0<x <o, 1eC, (1)
with the boundary condition
y(0)=0, )

where a real-valued potential q(x) satisfies the
condition

©

9(x) e CW(-o0,c0), |

—0

xIg(xfdx <o, j=01,2. (3)

If condition (3) is satisfied, then problem (1) - (2)
has a purely discrete spectrum consisting (see, for
example, [2]-[6] ) of simple eigenvalues
A,,n=01..., where 4, — +0w as N — 0.

In this case, the corresponding eigenfunctions

{M} , Where «, = JA|f(X7/1nX2dX
n=0

a, 0

form an orthonormal basis in space L, (0, ).

In the present work, the inverse spectral
problem for the problem (1) - (2) is investigated
by the transformation operators method, i.e.
the problem of reconstructing a perturbation

q(x) from spectral data {4,,a, >0}, . As is
known to us, the latter problem has not been
considered before.

We note that inverse spectral problems
for an anharmonic oscillator, i.e. for equation
(1), were studied in various contexts by many
authors (see[2]—-[8], also the bibliography in
them).

We consider the unperturbed equation

—y"+x’y=2y,0<x<w, 1eC. (4)

It is known that equation (4) has [2][7] the so-
lution f,(x,1)= Di_l(\/ix), where D, (x) is

2 2

Weber function. Moreover, (see [9},[10]) for
each x the function f,(x, ) is entire and the
following asymptotic is fulfilled:

(0 ) =(V2x) T e (ol ?) xeor (5)

uniformly with respect to 4 on bounded do-
mains. It is shown in the works [2],[7] that the
spectrum of problem (4), (2) consists of simple
eigenvalues /12 =4n+3,n=01,.... In this case,
the functions {fo(x,/lﬂ )}::0 form an orthogonal
basis in space L, (0,0). We have the equalities

fo (X,Zg)= D2n+1(‘/§X)= 27[”%)8 XZ H2n+1(x)’
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where H, (x) is the Hermite polynomial. From

the well-known properties of Hermite polyno-
mials it follows that

() = ]2‘ fo(x,/ﬁ}zdx =(2n +1)!% :

0

Consequently, the system of functions

folx, A7 :
{0(—0”) serves as an orthonormal basis
a

n=0

in the space L,(0,0).

Secondly, the perturbed equation (1) un-
der condition (3) has a solution f(x,1) with
asymptotic  f(x,4)= f,(x, 1)1+ 0(1)),x = .
Let as suppose that

o0

o(x) = [la(t)dt, o (x) = Ta(t)dt .

In the following theorem the representation of
solution f(x, ) is found by means of trans-
formation operator.

Theorem 1. If potential q(x) satisfies
condition (3) then equation (1) for all A has
unique solution f(x, 4) in the form

(x,2)= fy(x,2)+ [K(xt) (6, 2)t, (6)

where K(x,t) is real continuous function, and

xt)<20(xgt}e (XZJ, (7)

o0

1
K(x, X)ZE!q(t)dt' (8)
By (5), (6), the function f(x,4) for each
A belongs to the space L,(0,). It follows that

the spectrum of problem (1) - (2) coincides
with the set of zeros of the function f(0,4), i.e

equalities  f(0,4,)=0,n=01... hold true,
From the results of the work [2][7] it follows
that the asymptotic equalities hold true:

,1”=,12+o(\/15j,a;2=( oy {1 o['\%'ﬂ (9)
Moreover,

on holding true the condition

OSXZS(%T ,lzlo>0,0<g<% the

asymptotic expansion holds true

f(x2)=2 r(ﬂilj

x {COS|:7Z'T - \/Zx} + Ai(2x3 + 2% JO(l)} (10)

Suppose
Fxy)=S oy, 4) fo(x,aﬁ)fo(yws)}
Y z{ (@) (2} -

By means of (9), (10) it is established that for
any fixed x function F(x,:) belongs to

space L, (0,0). Further, taking into account that

fo(x,ﬂfn’ )}w and
n=0

0
an

system of functions {

o,

} serve as orthonormal bases in
[04
n=0

n

space L, (O, oo) the following theorem is proved.

Theorem 2. For each fixed x the func-
tion K(x, y), defined in (6), satisfy the integral
equation

F(x,y)+K(x, y)+TK(x,t)F(t, y)dt=0, y>x. (12)

Using the fact that the system of func-

(% 2]

) fo(X, . .
tlons{ 0 } form a Rises basis, we
Cln n=0

prove the following theorem.
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Theorem 3. For each fixed x the equation
(12) has a unique solution K(x,y) in L,(x,).
Equation (12) is called the main equation

of the inverse problem. The last theorems let
solve inverse problem as follows. By means of

spectral data {1,,a, >0}, we build function
F(x,y) by formula (11). Solving the main
equation (12) we find K(x, y). Then the poten-
tial q(x) is restored by (8).
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HOYOCANLANMIS HARMONIK OSSIiLYATOR UCUN TORS SPEKTRAL MOSOLO

A.X.Xanmammadov, H.M.Masmaliyev, M.H.Mahmudova

Mogalods anharmonik tonlik ii¢iin tors spektral massloys baxilmigdir. Cevirmo operatorunun komoayi Vo
sonsuzluq sorti ilo mosalonin hoalli yolu tapilmisdir. Tors mosalonin osas tonliyi alinmigdir. Tors moasalonin holli

algoritmi verilmisdir.

Acar sézlar: hayacanlanmus harmonik ossilyator, ¢evirma operatoru, tars masala, asas tonlik

OBPATHAS CHHEKTPAJIBHASA 3AJAYA JJIA BOSMYIIEHHOI'O
TFAPMOHHYECKOT'O OCHUJUISATOPA

A.X.Xanmamenos, I'.'M.Macmanuen, M.I'.MaxmyaoBa

PaccmoTrpena oOpaTHasi crieKTpasibHas 3ajada Juls aHrapMoHH4YecKoro ypaBHeHHs. C IOMOIIBIO orepaTtopa
npeoOpa3oBaHMsl Hal{CHO IPEJICTABICHHE PEIICHNs 3TOT0 YpaBHEHUs C yCJIOBHEM Ha OeckoHeuHOCTH. [lomydeHo oc-
HOBHOE ypaBHEHHE 0OpaTHOMW 3a/1a4u. YKa3aH allrOPUTM pelIeHus] 00paTHOH 3a1aui.

Knrwouesvie cnoea: 6osmyuenHulii 2apMOHUYECKUll OCYUIIAMOP, onepamop npeobpazosanus, oopamuas 3adaud,

OCHOBHOE€ ypaesHeHuUue
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