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AN ADAPTIVE MESH REDISTRIBUTION METHOD FOR THE THREE-PHASE
NON-ISOTHERMAL FLOW PROBLEM IN THE GLOBAL FORMULATION

N.M.Temirbekov, D.R.Baigereyev
(Presented by Academician of ANAS F.A.Aliev)

The work focuses on using the adaptive mesh redistribution method to improve the accuracy
of the numerical solution of the three-phase non-isothermal flow problem. For adaptation of the
mesh to the solution, the equidistribution method is used. We use the global formulation of the
problem based on the concept of global pressure to describe three-phase non-isothermal flow. The
paper presents the equations of this model in generalized curvilinear coordinates, a numerical al-
gorithm and the results of computational experiments carried out for a model problem of oil dis-

placement by steam.
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One of the important issues arising in the
modeling of multiphase flows is the correct deter-
mination of the position of thermal and filtration
fronts, because there are relatively small sub-
regions in which the gradient of the solution
reaches high values. Obviously, the most detailed
research of the flow is required near the injection
well and at the phase interfaces. One of the most
efficient approaches to increase the accuracy of
the solution is the adaptive mesh redistribution
method, the idea of which is to reduce the size of
the mesh cells in areas with large values of
gradients of the solution.

In this paper, the equidistribution method is
used for constructing the adaptive mesh. We use
the global formulation of the three-phase non-
isothermal flow problem which is based on the
introduction of a change of variables by which
gradients of capillary pressures are excluded from
the equations for pressure and temperature. We
derive the equations of the model in generalized
curvilinear coordinates for the two-dimensional
case. We present equations for the determination
of mesh points and a computational algorithm for
the numerical implementation of the model on an
adaptive mesh.

Formulation of the problem. Let us
make the following assumptions about the
physical data. We assume that the phases are in
local thermal equilibrium that in any elemen-
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tary volume, fluids saturating the porous me-
dium and the rock have the same temperature.
We assume that oil is a homogeneous non-
evaporable fluid, the medium is ho-mogeneous,
isotropic and there are no gravitational forces.
In this case, three-phase non-isothermal flow in
a domain Q= [O,L]X[O,L]C R? with the allo-
wance of phase transitions in a water-steam

system is described by the following equations
[1-4]:

02 (p,5,)+ V- (poii, )+ 1,

= , 1
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u, = —kk"‘ Vp,, a=w,0.,g, 2)
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where w,o,g,r are the phases of water, oil,
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steam and rock; ¢ and k are the porosity and
conductivity of the media; p_, s, , p,, k,, u,,
i, , u, are pressure, saturation, density, relative
permeability, viscosity, enthalpy, velocity of the
phase « ; k, is the thermal conductivity; g,
and g, are source/sink terms; /, is the intensity
of the phase transitions. We assume that
I,=-1,=1,1,=0. The set of equations (1)-
(5) is complemented with the following initial

and boundary conditions:

T'=T,, p,=Dy> S, =58,0, X€Q, t=0 (6)

p, n=0,T-n=0,5,-n=0, xeoQ,t>0.(7)
Let us introduce a new variable called

global pressure according to the formula

p=p 000,512 10):

w

OPgo
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g

where 0, =4 /A, A, =p,ck, /1,
A=A, +4,+2,. In this case, it is easy to show

that the set of equations (1) - (5) reduces to the
following system of equations with respect to
the temperature 7", global pressure p and

saturations s, s, [1, 5-7]:
alaa—f+ﬁ-VT—V-(kTVT)=fl, 9)

aZ%—V-(a3Vp)=c0V2T+17-VT+f2, (10)
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-V-(0Vs,)=V-(k2,V(p-p.)+q, -1, (11)
Os
[ + _
¢po 61‘ ¢poso[ﬁp 61‘ ﬁTo 61‘}
=V-(k,V(p-p.)+4, (12)
where
Zpasaca + prcr’
bk
a, =Z:(]Scasapa,Bpa,a3 =kAly, ¢, =b, — ; r
a 3
_ _ - b, -
b = Zqﬁcasapaﬁm,bz =kAE, v=Vb,+—u,
a a3

b
= qT _zqaia’fz = zca(qa _Ia)_l_fia

a,

10 10 0
, - pa’ ﬁT - pa’a): pow'
« p_ 0Op « p 0T 0s,,

Here, the equation (9) is obtained by sub-
tracting from the equation (3) the equations (1)
multiplied by the enthalpy i, . To derive the equ-
ation (10), chain rule was applied for the first
term in the equations (1) in view of (5). Further,
the resulting equations are multiplied by c, and
summed. To determine the initial and boundary
values of global pressure, (8) is used. The initial
and boundary conditions for s ,s, and 7 remain
unchanged.

The equidistribution method for gene-
rating adaptive mesh. We consider the fol-
lowing one-to-one mapping

x(41,4,) k=12 (13)

of the physical domain Q into the unit square
Q. To construct the adaptive mesh, we use the

equidistribution method, the essence of which
is to achieve permanence of the product of the

—<»— [IOKIAObI



PHYSICAL, MATHEMATICAL AND TECHNICAL SCIENCES 13

area S of a mesh cell with the vertices x, ,, 7o 0 (H,er L0 o (H, or .
Xiaj > Xiiga o X, and the value of a pre- > Nog \ H oq ) oq, H 6%
determined control function w in the center of
this cell [8]:
i( L jaT+
1 aq, ) 0g,
wx , S, ,=const
erE,_/JrE 1+E,/+E
. .. . +i vH, +—= %, + /2,
In this case, the position of the internal mesh H, oq, ﬁqz
nodes is determined by solving the following
equation for the unknown functions x,,x, : - o (ka,H, d(p-p.)
f3=J(qw—[) a ( ;] a Cj"'
0 o), o o a ! K
—(WHZ kJ+—(WH12—kJ=0, (14)
aq, oq, oq, oq,
0 (kAH, o(p-p.)
k=1,2, where H ,H, are Lame coeffi- oq,\ H, 0q, ’
cients. Then, we rewrite the equations of the
model (9)-(12) in the generalized curvilinear o (ki H, 8( p—p )
. A J +_ 0 C
coordinates (g,,qg, ) as follows: fi=J4, oq, \ H, oq,
oT oT or 0 [k .H, oT
aIJE+u1Hza—%+u2Hla—%—aq [ i, aqu ) (MOHI o(p pC)J
oq,\ H, o4,
o (k,H, oT
- = fJ, 15 : ) :
aqz( A, aqzj /i (15) The set of equations (15)-(18) describes

the distribution of global pressure, temperature

o 6 (aH. 5 o (a5 and saturations in the coordinates ¢,,q, and is
a a ~ . . .

a,J —p——( — _pJ__(#_pJ =7, (16) " solved on a uniform mesh in the computational

ot oq,\ H, dq,) 0q,\ H, 0q, domain O
Let us define a uniform mesh in the domain
¢pw‘] (ﬁ ﬁT j Q as {(%[:‘hj): qy; = ih, 9>; = Jhy, = 0’19"'9N1’

j=0,1,...,N,} and let the time segment [O,tl] be
o [a)H os., j o [a)Hl s j ~ divided into  discrete steps " =nt

=f., (17 _ _ —
6% H, o ) oq,\ H, oq, S (A7) iiz—O?l,...,M , tO.—O, M —zjl . For the nume-
rical implementation of equations (15), (16) and

_ (17), we apply the scheme of alternating direc-
¢po 8 +dp,s o(ﬂp v ﬂT) Ej f, (18)  tions of the form
1
VH—E _ n o
where a" % %[ @ A"+ " j (19)
kA 0, oT 1 n+ ny 1 1
U, =- ( a; éaq j m=12,J=HH, ;¢ -0" =%(A1¢>"+2 + A" +f"+2J (20)
m m m T
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where difference operators A, and A,, coef-
ficient a and right-hand side f of the equation
(15) are determined in the form

l l 1
4o 1 n+—
AT == (o) 72 — (ki) T2 |-
hl 1+ ] 1 1 2] q15i,J
H 1
S e T ) T Q1)
20, Ui g |
1| [ k; ky
n+l — or n+l N n+l
AzT;',j - hzz {(I) j - quz,i,j {(I) j - ngz,i,]—
1,]+E l,j—E

H .
Li,j (=~ 1 1
— 5] (un Tn+ + 21 /Tn+ )’

2/’12 20,7 4250, j i,

(22)

- (aln‘])i,_/’ Ji=h 1, = l(”i,/‘ + ’7,./‘)7

[\S}

- _1 _H,,,
ri,./__’/',‘/‘_’/}/ CD[/‘_—’
2 LY 5 5 H

Li.j

for the equation (16) in the form of

1 e
Alp[,jz _hilz((a;q))n;qulﬁj - (ag'CD)[ zquluJ (23)

1 a
n+l __ n+1
A2pt/_h_2 ED pqzl/_

2

i, j+—
1
Jal] e, (24)
d qpisJ

a;, = (a;’J)i,_/,fi,_/ = ]72,[,_/, and similarly
for the equation (17) in the form of

il 1 il
Als 2 =—((a)"q))‘ 1.5 2 -

i+—,] " w,qq i,
2] q1-1.]

2
A n+l 1 (2 n+l _
2Sw,[,j ? ) Waga.i,J
2
oo
L,J+E
1
n+E
_|e - o, (26)
) Wiq o, j
.
5
= (¢p27)
we Jij2

f:/:f;i/ (¢annJ)”(’B pu/+'BT tt/)

To solve the equation (14), we use the
scheme of the form

T
1
xl;:+1 _XZG i
'y [j n+l
T LIj’xktj_{—LIJ’)CIHJ > (27)

k=1,2, where

\Plxk,i,j N ]’t [(WHz)Hz J 1‘ aphs ] (WHz)Fi] i apl ’J)

1
Yo, = I ((WHz)z /+— /”,2, ] (WH ), /7 qu, »])

The transition from the 7 -th time layer to
the (n+1)-th one is carried out according to the

following algorithm. Using the values p,s, s, ,T

at the n -th time layer, global pressure p"*'

calculated from the equations (19), (20), (23),
(24) which reduces to solving tridiagonal
systems of linear equations by the sweep
method. Similarly, from (19), (20), (21), (22),
(25), (26), we determine the temperature field
T"" and the saturation of water s”"'. The obta-
ined values are used to determine the intensity of
the phase transitions J"*'. Using the equation
(27), the position of the internal mesh nodes are
updated. An iterative process is conducted until the

1
n+— . n
—(a)”CD).f 1s 2o, (25)  condition ‘s . for some £ > 0.
1T Wi g g
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Fig. 1. The constructed adaptive mesh at £ = 207 and ¢ = 507
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Fig. 2. The simulation results for: a) the temperature field; b) water saturation;
c) oil saturation at ¢ = 207, 507, 807

The results of computational experi- lem of displacement of oil by injecting steam
ments. Now we present the results of compu-  into the reservoir. As the computational domain
tational experiments carried out for the problem  Q, we consider a square, at the center of which
(15)—(18), (6)—(7) on an example of the prob-  an injection well is placed.
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The control function is selected as a
linear combination of gradients of global pres-
sure and saturations in the form
‘2

w= 1+050|Vp|2 +,BO|VSO

? +;/0‘ng

Fig. 1 shows the results of construction of
the adaptive mesh at =207 and r=507. The
figure shows that the thickening of the mesh
nodes occurs near the injection well and at the
interface between the phases of oil and steam.
In the course of the process, the mesh nodes are
redistributed according to the position of the
filtration front.

Fig. 2a shows the distribution of the tem-
perature field for the development time
t = 207, 507, 807 . Simulation results reveal the

three temperature zones that are typical for the
oil displacement process by steam: in the first
zone, i.e. near the injection well, the tempe-
rature is equal to the temperature of steam in-
jected, and then slowly decreases due to heat
loss to the surrounding formation. In the second
zone, the temperature decreases continuously
from the condensation temperature to the reser-
voir temperature, wherein heating is carried out
by hot condensate. The third zone is an area not
covered with steam. As the amount of injected
agent increases, the first and second zones are
gradually expanding, and the third one is shor-
tened.

Fig. 2b shows the water saturation profile.
Near the injection wells, the steam saturation
increases due to the evaporation of the water
initially filled the reservoir, so water saturation
in this subregion is decreasing. In the transition
zone with variable temperature, the injected
steam condenses, thus in this area the water
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saturation increases dramatically. Fig. 2¢ shows
the movement in the oil phase in the direction
of heat transfer flow.

Conclusion

Thus, the described method allows to
dynamically change the density of mesh nodes
depending on the nature of the flow, thereby
improving the accuracy of the solution of the
three-phase non-isothermal flow problem in the
subregions with large gradients of solutions
without increasing the number of nodes.
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IZOTERMIiK OLMAYAN UCFAZALI SUZULMO MOSOLOSI UCUN QLOBAL QOYULUSDA
ADAPTIV SOBOKO USULU

N.M.Temirbekov, D.R.Baygereyev

Isdo adaptiv soboks iisulu ilo qarismayan mayelorin iigfazali izotermik olmayan siiziilmo mosalesinin hallinin
doqigliyinin artirilmast masslasine baxilir. Masalonin halli sobokonin ekvipaylanma iisulunun tatbiqi ilo olds edilir. Bu
prosesi tosvir etmok {igiin global tozyiq konsepsiyasina osaslanan yeni qurulusda qoyulmus mosalo toklif edilir. Isdo
modelin tonliyi imumilosmis koordinat sisteminds verilir vo adodi {isulla hallin alqoritmi buxar vo neft mosalasino
uygun qurulur.

Agar sozlar: adaptiv sabaka, ekvipaylanma iisulu, qlobal tazyiq, adadi halli

METOI AJATITUBHBIX CETOK JJISA 3AJAYN TPE}((DA?.HOI‘/‘I HEM30TEPMHUYECKOMN
ONJIbTPAIIHA B I''IOBAJIBHOU TIOCTAHOBKE

H.M.Temup06exos, /I.P.baiirepeen

Paborta MOCBAIICHA NPUMCHCHUIO MCETOAA AAAaNTUBHBIX CETOK JId HNOBBIMICHHSA TOYHOCTU PCEHICHUA 3aJa4u
TpeX(l)a3HOI>'I HCI/I3OT€I)MI/I‘IGCKOI>1 (1)I/IJ'II>TpaIII/II/I HCCMCIINBAOIINXCA )KH,HKOCTeﬁ. AL[aHTaIII/ISI CCTKHM K PCIICHUIO 3aJa4r
OCYHICCTBIIACTCA METOAOM SKBUPACHPECACIICHUS. I[JI?[ OIIMCaHHA TpeX(i)EBHOFO HCU30TCPMHUICCKOI'O TCUCHHS B HOpHCTOfI
cpeac B pa60Te HCIOJIB3YCTCA HOBAsi MOCTAHOBKA 3aJa4M Ha OCHOBC KOHICIIIHUU I00AIBHOrO JaBJICHUA . B pa60Te
MNPpUBCACHBI YpaBHCHUSA MOJACIA B 0606III€HHLIX KpPIBOJ'IPIHefIHLIX KOOpAUHATAX, aJrOpUTM YHCJICHHOI'O PCIICHUSA
3aavud U pe3yJbTaTbl BBIYUCIUTCIBHBIX 3KCIICPUMCHTOB, NPOBCACHHBIX IJISA paCCManI/IBaeMOI\/'I MOZCIN Ha IpUMEpe
MO,I[GHLHOﬁ 3aJa4d BbITCCHCHUSA Heq)TI/I napom.

Knroueewie cnosa: aoanmusnvle cemku, Memoo akeupacnpe()eﬂeHuﬂ, 21n1006anvHoe ()aeﬂeHue, YUCNIEHHOoe peulenue
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