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ON AN INVERSE PROBLEM FOR A "WEAK" SYSTEM OF PARABOLIC
EQUATIONS

Corresponding Member of ANAS R.V.Huseynov, A.Ya.Akhundov

The goal of the paper is to study the well-posedness of an inverse problem on definition of un-
known coefficients at higher derivatives in a "weak" system of parabolic equations.

A theorem on uniqueness of the solution of the considered inverse problem is proved and an
estimation characterizing the stability of the solution is obtained.
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Let R" be n - dimensional Euclidean
x,), DCR" be a
bounded domain with smooth boundary oD,
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Q=Dx(0,T], S=0Dx[0,T], 0<T - is
a constant number.
The space
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[=012, ac (0,1) and the norms is these
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Dlu, (x,t) are all possible derivatives of the
function u, (x,¢) with respect to x Iz

Consider an inverse problem on defini-
tion of {ak (x)uy (x,2 ),k =l,_m} from the condi-
tions

g, —a,(X)Au, = f,(x,2), (x,t)eQ, (1)
u,(x,0)=¢,(x), xe D=DUaD, (2)

Wiy (xtu), (rt)e S, (3)
ov

?uk (x,2)dt =h,(x), xe D, 4)
0

where f,(x.1), o,(x) . vi(x.t,p) . h(x),

k =1,m are the given functions.

Similar inverse problems were earlier con-
sidered in the papers [2,3,4] (see also references
in these papers).

For initial data of problem (1)-(4) we
make the following assumptions:

1°. f,(x,t)e C“’“/z(ﬁ);
2°. g, (x)eC*™ (l_));

3%, the functions V=Y, (x,t,p),k = I,_m
are determined and continuous in the totality of

arguments in A= {(x,t,pj(x,t)e S, pe Rm} ;

for any ¢ >0 , |pk|£c1 , the functions
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w, (x,2, p) are Holder continuous with respect
to x and ¢ with indices o and « /2, respec-
tively, for (x,)e Q ; there exists a ¢, >0, such
that for any (x,#)e Q and p,peR™ the fol-
lowing inequality is fulfilled:

|l//k(x’t’p)_l//k(x’t’ﬁj < rﬂpk - Pi|5
k=1

4% hy (x)e C***(D) T < Ay (x)< hyT,

x € D,hy,h, >0- are constant numbers.

Definition 1. On pair of function
{ak (x), u, (x,2), k = l,m} is said to be the solu-
tion of problem (1)-(4), if

1) ap(x)>cq >0, a;(x)eC® (l_));
2) uy ()C,t) c C2+a,1+a/2 (Q)ﬂ C1+a,a/2 (ﬁ)’
3) for these functions relations (1)-(4) are

fulfilled, and the boundary condition is deter-
mined in the following way:

du(x,1) _ lim ou(y,t)
ov(x,z) ;e—;xév(x,t)

where o i1s a closed cone with the vertex x,
that is contained in DU {x}.

When considering inverse problems, the
issues of uniqueness and stability of the solu-
tion occupies a special place.

Let {a,i (x)ul (x,2), k =l,_m} be the solu-
tions of problem (1)-(4), corresponding to data
OO ()L i=12.

Definition 2. We say that the solution of
problem (1)-(4) is stable, if for any & > 0 there
will be found such as 5(8)> 0 , that for

=17 <6, 0" -9?| <6,
0 2

' —h*| <6 the inequality
2

v _quo <9,

Hal —azuo +Hu1 —uzuo < ¢ is fulfilled.
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Theorem. Let IL the
L@ i () k=1mi=12
conditions 1°,2°,3%4°, respectively; 2)_there ex-
ists the solutions {a,i (x),u,’; (x,t), k=1m,i= 1,2}

of problem (1)-(4) in the sense of definition 1
and they belong to the set

functions
satisfy

K, :{(ak,uk)(ak(x)eC“(l_)), 0<c, <a(x)<c, xeD,

u, (x,t) e C" 2(?2),
D)[Cuk (x,tX <c¢6,1=0,1,2, (x,t)e Q,

€4,Cs,C¢ > 0— are constant numbers }

Then these exists such 7~ (0 <T°<T ) ,

that for (x,z)e D x [O,T*], the solution of prob-
lem (1)-(4) is unique, and the following estima-
tion is valid

o =], ' =], <
0 0

o R R N e

2]’ (5)

where ¢ >0 is dependent on the data of prob-
lem (1)-(4) and the set K, .

Proof. Integrating the both parts of equa-
tion (1) with respect to the variable ¢ on the
interval (O,T ) with regard to conditions of the

theorem, for the functions a, (x) we get

ak<x)=[uk(m)—q;k(x)—ifm,r)dr}wk(x»*, xeD> (6)
Assume

2 () =g (x.0)=u (x.t), 24 () = ag (x) - af (x),

—<»— [OKIAObI
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It is easy to check that the functions A, (x),
w, (x,0)=z, (x,£)=8,,(x), k =1,m satisfy the
following conditions:

w, —a,(x)Aw, = F, (x,2), (x,t)eQ, (7)

w,(x,0)=0, xeD, (8)
%zcbk(x,t), (x,t)e s, (9)
ov

2e(x) =z, (e 7o) —H,(x), xe D, (10)
where

F, (x,t) =0y (x,t)+ A6, (x)+ Ay (x)Au,f (x,t),

®k(x’t):53k(x,t,ul)—a5—2k+
ov
+l//2k(x,t,1/ll)—l//2k(x,t,u2) N

H, (x)={[52k )+ o1 (x,t)dt}Ahkz(xﬁ

+{u;<x,T)—¢:<x>—jf;u,mr}@k(x)}x

X [Ah ! (x)An? (x)]fl .

Under the theorem assumptions, the input
data of the problem on definition of w(x, t) from
conditions (7), (8), (9) are Holderian, in other
words, the conditions of the theorem are satis-
fied [1, 334]. So, there exists a classic solution
of problem (7),(8),(9) and it can be represented
in the form [5, 182].

t

Wk(x’t):erk(x’t;gaT)Fk(gaT)dng+

+[ [T (ns8,7)p, (6, 7)aE dr, (11)

0 oD

here T, (x,t;é‘,r) is fundamental solution of the
equations  w,, —a; (x)Aw, =0 , &k “Lm
dé=dé&,..d&,, d&, is an element of the surface

oD, p; (x,t)— is a bounded, continuous solu-
tion of the integral equation [5, /82].

pulet)=2} P8 (2 e
0D ov
vof § REET) ) (e Nie de 2w, (5,) (12)
00D ov
Denote

12 12
2=l =], +le' =],
0 0

Estimate the function |zk (x,tX, k=1m.
Taking into account z, (x,t)z W (x,t)+ Oy (x) ,
from (11) we get:

[z, (.1 <[5 (x) + ; T, (v 6.)Fy (6.7 +
[ [T (nngn o fdzgde.  (13)
00D

For the first summand in the right side of
(13), by definition we have:

624 (x) = |0k ()i (x] <|o' =¢°| . xeD . (14)

For the fundamental solutions T, (x,7;¢&,7),

k=1,m the following estimations are valid [1,
444].

[T, (x,t;&,7 HE <5, (15)
er

DIT, (xE e ME < (t—7) = =12 (16)

J

e
X t
The expression || Fk(x,t;é,r)dédr, ap-
0D

pearing in the second summand of the right side
of (13), is estimated with inequality (15) taken
into account:

[T (68,0 WEdT < [dr [T, (v, 6:6,0)dE <ot (17)
0D 0 R"

The integrand function |Fk (x,t] k=1m

in the second summand of the right hand side of
(13), with regard to conditions imposed on initial
data and on the set K, , satisfies the estimation

|F (x,2) <[00 (x,2)] +]AS 5 () +[ A4 (x)”Au,f‘ <
<[t ot =07+
(x,t)eﬁ, (18)
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where ¢, > 0 is dependent on the data of prob-
lem (1)-(4) and the set K, .
t
The expression | [T, (x,t;é,r)dédr , in
00D
the theirs summand of the right hand side of

(13), is estimated subject to inequality (16) and
the Gauss-Ostrogradskii formula:

j Ifk (x,t;&,7 d&EdT < jdfj

00D 0 D

J

Rl’l

DTy (5,158, 7)dé <

l+a

Dirk(x,z;g,rjdgantT . (19)

S.t[dr
0

The integrand function |pk(x,tX, k=1,_m
with regard to the theorem conditions, the set
K, and inequality (19), for /=1u /=2 is es-
timated from (12):

|pk (x,t] <¢p H|51”0 + ”52”2 + ”53”0 + %]4‘
+cl3||p||0t“/2, (x,¢)esS

where c¢;,,c;; >0 is dependent on the data of
problem (1)-(4) and the set K, .

The last inequality is satisfied for all
(x,t)e @D x[0,T], therefore it should be satisfied
maximum values of the left hand side as well:

Iol, <o, +16.0, +16., + 2]+ et o,

Let 0<7; <T be a number such that

¢;;T%'? <1. Then for all (x,#)e 8D x[0,T;] the
following estimation is valid:

lol, < clgl, 18+, + 2], o

where ¢, >0 is dependent on the data of prob-
lem (1)-(4) and the set K, .

Taking into account inequalities (14),
(17), (18), (19), (20) from (13) we get:

2w < e[l + 180, +Iol, J+

+e g, (x,1)eQ (21)
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where c¢5,c,c >0 is dependent on the data of
problem (1)-(4) and the set K, .
Now estimate the function |4, (x), k=1m.

From formula (10) we have:
|Ak (x] < |zk (x,T]‘h}( (x)fl‘ +|Hk (x] .

By the condition imposed on initial data
and on the set K, taking into account inequal-
ity (21) and behaving in the same way as in de-
riving inequality (21), for |ﬂ,k (x] for the last
inequality we get:

7)< e [l8], 180 + 180, + o] }+

+et“y, xeD (22)
where ¢;,c;3 >0 is dependent on the data of
problem (1)-(4) and the set K, .

Inequalities (21) and (22) are satisfied for
all (x,¢)e D x[0,T;]. So, they should be satisfied

for maximum values of the left sides as well.
Combining the obtained inequality, we have:

r<eoloil +15al, +losl, el Jr et 22, (23)

where c¢4,c,, >0 is dependent on the data of
problem (1)-(4) and the set K, .

Let 7, (0 <T,<T ) be a number such that
e, TY'* <1 Then from (23) we get
(v.t)e Dxlo.r*| T" = min {7}, T, }. The following
estimation is valid

1 2
uul_uzu0+ual_azuogcﬂﬂ\f 7 +

1 2 1 2 1 2
ot =, +w' v, +Jnt -]

where ¢,, > 0 is dependent on the data of prob-
lem (1)-(4) and the set K, .

The uniqueness of the solution of problem
(1)-(4) follows from the last estimation for

—<»— [OKIAObI
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fkl(xﬂt):sz(xat)’ goli (x):(pkz(x)’ !//Ii (x,t,p)z!//,i (x,t,p),
h!(x)=h?(x). The theorem is proved.

The work was supported by the Science De-
velopment Foundation under the President of the Re-
public of Azerbaijan Grant NeEIF-2013-9(15)-46/12/1
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"ZOIF" PARABOLIK TONLIKLOR SISTEMi UCUN BiR TORS MOSOLO HAQQINDA

R.V.Hiiseynov, 9.Y.Axundov

Moqalads "zoif" parabolik tonliklor sistemindo yiiksok tortibli téromolor qarsisinda duran namolum omsallarin
tapilmas1 haqqinda tors masolonin korrektliyi dyronilir. Hollin yeganaliyi, "sorti" dayanaqligi haqqinda teorem isbat

olunmusdur.

Agar sozlar: tors masala, "zaif" parabolik tonliklor sistemi, yeganalik

OB OJTHOM OBPATHOM 3AJTAYE JJI51 « CJIABOM» CHUCTEMBI
IMAPABOJIMYECKHAX YPABHEHUI

P.B.I'yceiinoB, A.5I.AXyH10B

[enbro HacTOAImIEH pabOTHI SBISIETCS MCCIENOBaHNE KOPPEKTHOCTH OOpaTHOW 3aJaddl 00 ONpEACICHUH HEeH3-
BECTHBIX KO3((QHUINEHTOB NPH CTAPIINX IPOM3BOIHBIX B «CIa00i» cHCTEME MapaboIMuecKuX ypaBHEHHH.
JlokazaHa TeopeMa O eIMHCTBEHHOCTH PEIICHHS paccMaTpUBaeMoOi OOpaTHOH 3aJadu M MONMydYeHa OIEeHKa, Xa-

paKTepu3yoUIas yCTOHYMBOCTD PEIICHHUS.

Knroueewie cnosa: oopamuas 3adaua, "crabas” cucmema napaboruyeckux ypasHeHul, eOUHCmeeHHOCMb
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