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ON AN INVERSE PROBLEM FOR A "WEAK" SYSTEM OF PARABOLIC  
EQUATIONS 

 
Corresponding Member of ANAS R.V.Huseynov, A.Ya.Akhundov 

 
The goal of the paper is to study the well-posedness of an inverse problem on definition of un-

known coefficients at higher derivatives in a "weak" system of parabolic equations. 
A theorem on uniqueness of the solution of the considered inverse problem is proved and an 

estimation characterizing the stability of the solution is obtained. 
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Let nR  be n - dimensional Euclidean 

space of points ( )nxxx ,...,1= , nRD Ì  be a 
bounded domain with smooth boundary D¶ , 

 
( ]TD ,0´=W , [ ]TDS ,0´¶= , T<0 – is 

a constant number. 
The space  
 

( ) ( ) ( ) ( ) ( )×××× +++ 2/,2/, ,,, aaa llllll CCCC , 
 

,2,1,0=l  ( )1,0Îa  and the norms is these 
spaces were defined for example in [1, p.12-
20],  
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nkDk dxdxtxudxtxu ,...,..., 1  

( )txuD k
l
x ,  are all possible derivatives of the 

function ( )txuk ,  with respect to jx . 
Consider an inverse problem on defini-

tion of ( ) ( ){ }mktxuxa kk ,1,,, =  from the condi-
tions  

 
( ) ( ) ( ) WÎ=D- txtxfuxau kkkkt ,,, ,     (1) 

( ) ( ) DDDxxxu kk ¶=Î= U,0, j ,        (2) 

( ) ( ) Stxutxu
k

k Î=
¶
¶

,,,,y
n
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( ) ( )ò Î=
T

kk Dxxhdttxu
0
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where ( )txfk , , ( )xkj , ( )ptxk ,,y , ( )xhk , 

mk ,1=  are the given functions. 
Similar inverse problems were earlier con-

sidered in the papers [2,3,4] (see also references 
in these papers).  

For initial data of problem (1)-(4) we 
make the following assumptions: 

 
       10. ( ) ( )WÎ 2/,, aaCtxfk ; 

       20. ( ) ( )DCxk
aj +Î 2 ; 

 
30. the functions ( ) mkptxk ,1,,, ==yy  

are determined and continuous in the totality of 
arguments in ( )( ){ }mRpStxptxA ÎÎ= ,,,, ; 

for any 01 >c , 1cpk £ , the functions 
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( )ptxk ,,y  are Holder continuous with respect 
to x  and t  with indices a  and 2/a , respec-
tively, for ( ) WÎtx, ; there exists a 02 >c , such 
that for any ( ) WÎtx,  and mRpp Î,  the fol-
lowing inequality is fulfilled: 

 

( ) ( ) å
=

-£-
m

k
kkkk ppcptxptx

1
2,,,, yy ; 

.40 ( ) ( )DCxhk
a+Î 2 ( ) ,21 ThxhTh k £D£  
0,, 21 >Î hhDx - are constant numbers. 

 
Definition 1. On  pair  of  function  

( ) ( ){ }mktxuxa kk ,1,,, =  is said to be the solu-
tion of problem (1)-(4), if  

 
1) ( ) ( ) ( )DCxacxa kk

aÎ>³ ,04 ; 

2) ( ) ( ) ( )WWÎ +++ 2/,12/1,2, aaaa CCtxuk I ; 
 
3) for these functions relations (1)-(4) are 

fulfilled, and the boundary condition is deter-
mined in the following way: 
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where s  is a closed cone with the vertex x , 
that is contained in { }xDU .  

When considering inverse problems, the 
issues of uniqueness and stability of the solu-
tion occupies a special place. 

Let ( ) ( ){ }mktxuxa i
k

i
k ,1,,, =  be  the  solu-

tions of problem (1)-(4), corresponding to data 
( ) ( ) ( ) ( ) 2,1,,,, =×××× ihf i

k
i
k

i
k

i
k yj . 

Definition 2. We say that the solution of 
problem (1)-(4) is stable, if for any 0>e  there 
will be found such as ( ) 0>ed , that for 

djjd £-£-
2

21
0

21 ,ff , dyy £-
0

21 , 

d£-
2

21 hh  the inequality  

e£-+-
0
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0

21 uuaa  is fulfilled. 

 

Theorem. Let 1) the functions 
( ) ( ) ( ) ( ) 2,1,,1,,,, ==×××× imkhf i

k
i
k

i
k

i
k yj  satisfy 

conditions 10,20,30,40, respectively; 2) there ex-
ists the solutions ( ) ( ){ }2,1,,1,,, == imktxuxa i

k
i
k  

of  problem  (1)-(4)  in  the  sense  of  definition  1  
and they belong to the set 
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0,, 654 >ccc – are constant numbers }. 
 
Then  these  exists  such   ( )TTT £< ** 0 , 

that for ( ) [ ]*,0, TDtx ´Î , the solution of prob-
lem (1)-(4) is unique, and the following estima-
tion is valid 
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0

21 hhffc -+-+-+-£ yyjj , (5) 

     
where 0>c  is dependent on the data of prob-
lem (1)-(4) and the set aK .  

Proof. Integrating the both parts of equa-
tion (1) with respect to the variable  t  on the 
interval ( )T,0  with regard to conditions of the 
theorem, for the functions ( )xak  we get 

 
( ) ( ) ( ) ( ) ( )( ) DxxhdttxfxTxuxa k

T
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Assume  

 

( ) ( ) ( ) ( ) ( ),)(,,,, 2121 xaxaxtxutxutxz kkkkkk -=-= l
 

( ) ( ) ( )txftxftx kkk ,,, 21
1 -=d , 

( ) ( ) ( )xxx kkk
21

2 jjd -= , 

( ) ( ) ( )ptxptxptx kkk ,,,,,, 21
3 yyd -= , 

( ) ( ) ( )xhxhx kkk
21

4 -=d , mk ,1= . 
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It is easy to check that the functions ( )xkl , 

( ) ( ) ( )xtxztxw kkk 2,, d-= , mk ,1=  satisfy the 
following conditions: 

 

( ) ( ) ( ) WÎ=D- txtxFwxaw kkkkt ,,,1 ,     (7) 
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Under the theorem assumptions, the input 

data of the problem on definition of ( )txw ,  from 
conditions (7), (8), (9) are Holderian, in other 
words, the conditions of the theorem are satis-
fied [1, 334]. So, there exists a classic solution 
of problem  (7),(8),(9) and it can be represented 
in the form [5, 182]. 
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here ( )tx ,;, txkG  is fundamental solution of the 

equations ( ) 01 =D- kkkt wxaw , mk ,1= , 

01 ,... xxxx dddd n=  is an element of the surface 
D¶ , ( )txk ,r – is a bounded, continuous solu-

tion of the integral equation [5, 182]. 
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Denote 

0
21

0
21 aauu -+-=c . 

Estimate the function ( ) mktxzk ,1,, = . 
Taking into account ( ) ( ) ( )xtxwtxz kkk 2,, d+= , 
from (11) we get: 

( ) ( ) ( ) ( ) +G+£ ò ò txtxtxd ddFtxxtxz k

t

D
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( ) ( ) txtxrtx ddtx k
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D
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For the first summand in the right side of 

(13), by definition we have: 
 

( ) ( ) ( ) Dxxxx kkk Î-£-= ,
0

2121
2 jjjjd . (14) 

 

For the fundamental solutions ( )tx ,;, txkG , 

mk ,1=  the following estimations are valid [1, 
444].  
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The expression ( ) txtx ddtx
t

D
kò òG

0
,;, , ap-

pearing in the second summand of the right side 
of (13), is estimated with inequality (15) taken 
into account: 

( ) ( ) tcdtxdddtx
nR

k

tt

D
k 9

00
,;,,;, £G£G òòò ò xtxttxtx   (17) 

The integrand function ( )txFk ,  mk ,1=  
in the second summand of the right hand side of 
(13), with regard to conditions imposed on initial 
data and on the set aK , satisfies the estimation 

( ) ( ) ( ) ( ) £D+D+£ 2
21 ,, kkkkk uxxtxtxF ldd  

cjj 102
21

0
21 cff +-+-£ ,      

( ) WÎtx, ,                            (18) 
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where 010 >c  is dependent on the data of prob-
lem (1)-(4) and the set aK . 

The expression ( ) txtx ddtx
t

D
kò ò

¶
G

0
,;, , in 

the  theirs  summand  of  the  right  hand  side  of  
(13), is estimated subject to inequality (16) and 
the Gauss-Ostrogradskii formula: 
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The integrand function ( ) mktxk ,1,, =r  
with regard to the theorem conditions, the set 

aK  and inequality (19), for 1=l  и 2=l  is es-
timated from (12): 

 

( ) [ ]++++£ cdddr 03220112, ctxk  

( ) Stxtc Î+ ,,2/
013

ar  
  

where 0, 1312 >cc  is dependent on the data of 
problem (1)-(4) and the set aK . 

The last inequality is satisfied for all 
( ) [ ]TDtx ,0, ´¶Î , therefore it should be satisfied 
maximum values of the left hand side as well: 

 

[ ]
0

2/
13032201120

rcdddr atcc ++++£ . 
 

Let TT £< 10  be a number such that 
12/

113 <aTc . Then for all ( ) [ ]1,0, TDtx ´¶Î  the 
following estimation is valid: 
       

[ ],032201140
cdddr +++£ c      (20) 

 

where 014 >c  is dependent on the data of prob-
lem (1)-(4) and the set aK . 

Taking into account inequalities (14), 
(17), (18), (19), (20) from (13) we get: 

 

( ) [ ]+++£ 03220115, dddctxzk  

( ) WÎ+ txtc ,,16 ca                 (21) 

where 0, 1615 >cc  is dependent on the data of 
problem (1)-(4) and the set aK . 

Now estimate the function ( ) mkxk ,1, =l . 
From formula (10) we have: 

 
( ) ( ) ( ) ( )xHxhTxzx kkkk +£ -11,l . 

 
By the condition imposed on initial data 

and on the set aK , taking into account inequal-
ity (21) and behaving in the same way as in de-
riving inequality (21), for ( )xkl  for the last 
inequality we get: 

 
( ) [ ]++++£ 2403220117 ddddl cxk  

Dxtc Î+ ,18 ca                       (22) 
 
where 0, 1817 >cc  is dependent on the data of 
problem (1)-(4) and the set aK . 

Inequalities (21) and (22) are satisfied for 
all ( ) [ ]1,0, TDtx ´Î . So, they should be satisfied 
for maximum values of the left sides as well. 
Combining the obtained inequality, we have: 
    

[ ] cddddc a 2/
202403220119 tcc ++++£ ,    (23) 

 
where 0, 2019 >cc  is dependent on the data of 
problem (1)-(4) and the set aK . 

Let ( )TTT £< 22 0  be a number such that 
12/

220 <aTc . Then from (23) we get 

( ) [ ]*,0, TDtx ´Î  { }21
* ,min TTT = . The following 

estimation is valid 
 

[ +-£-+- 0

21
210
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0

21 ffcaauu  
      

]2

21

0

21

2
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where 021 >c  is dependent on the data of prob-
lem (1)-(4) and the set aK . 

The uniqueness of the solution of problem 
(1)-(4) follows from the last estimation for 
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( ) ( )txftxf kk ,, 21 = , ( ) ( )xx kk
21 jj = , ( ) ( )ptxptx kk ,,,, 11 yy = , 

( ) ( )xhxh kk
21 = . The theorem is proved. 
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"ZƏİF" PARABOLİK TƏNLİKLƏR SİSTEMİ ÜÇÜN BİR TƏRS MƏSƏLƏ HAQQINDA 
 

R.V.Hüseynov, Ə.Y.Axundov 
 
Məqalədə "zəif" parabolik tənliklər sistemində yüksək tərtibli törəmələr qarşısında duran naməlum əmsalların 

tapılması haqqında tərs məsələnin korrektliyi öyrənilir. Həllin yeganəliyi, "şərti" dayanaqlığı haqqında teorem isbat 
olunmuşdur. 

 
Açar sözlər: tərs məsələ, "zəif" parabolik tənliklər sistemi, yeganəlik  
 

 
ОБ ОДНОЙ ОБРАТНОЙ ЗАДАЧЕ ДЛЯ «СЛАБОЙ» СИСТЕМЫ  

ПАРАБОЛИЧЕСКИХ УРАВНЕНИЙ 
 

Р.В.Гусейнов, А.Я.Ахундов 
 
Целью настоящей работы является исследование корректности обратной задачи об определении неиз-

вестных коэффициентов при старших производных в «слабой» системе параболических уравнений.  
Доказана теорема о единственности решения рассматриваемой обратной задачи и получена оценка, ха-

рактеризующая устойчивость решения. 
 
Ключевые слова: обратная задача, "слабая" система параболических уравнений, единственность 


