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ON ISOMORPHISM OF TWO BASES IN MORREY-LEBESGUE TYPE SPACES
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Double system of exponents with complex-valued coefficients is considered. Under some con-
ditions on the coefficients, we prove that if this system forms a basis for the Morrey-Lebesgue type
space on [— T, 7z], then it is isomorphic to the classical system of exponents in this space.
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Introduction
Consider the double system of exponents

Ate™ Bl ™y . @

with complex-valued coefficients At) = AR,
B(t)=[B(t)e”" on the interval [- 7], where
N is the set of natural numbers and
Z. ={0}UN . Criterion for the basicity of a
system of exponents:

{e i(n+asignn)t }nez | @

for L,(~7,7) 1< p <+oo, where Z is the set of

all integers, was first found by A.M. Sedletsky [1].

Some questions of the approximation
theory were studied in [1-5;9].

In this paper, we consider a system of ex-
ponents (1) and prove that if it forms a basis for
Morrey-Lebesgue type space m, =M, (-z,7),
then it is isomorphic to the classical system of
exponents in this space. To do so, we use the

method of boundary value problems. A similar
result was obtained earlier in [8].

Necessary information
We will need some facts about the theory
of Morrey-type spaces. Let I" be a rectifiable

Jordan curve in the complex plane C. By M|

we denote the linear Lebesgue measure of the
set M cT.

By Morrey-Lebesgue space L”""(F),
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0<a <1, p=1, we mean the normed space of
all measurable functions f(-) on I' with the

finite norm H'HLP’Q(F)

If

7
dg] <+,

Lp’“(l“) is the Banach space with
L*(r)=L,(r), L"(T)=L,(T). FOr r=[-z,z] we
will use the notation L"*(—z,z)c L™*. More

details on Morrey-type spaces can be found in
[6-15].

Let w=1{z € C :|z| </ be the unit circle on
C and ow = y be its circumference. Define the
Morrey-Hardy space HP“ of analytic func-
tions f(z) inside w equipped with the follow-
ing norm:

e sup{BmFF ﬂ

BN

[flse =suplflre’),.

Denote by L™ the linear subspace of
L>* functions, whose shifts are continuous in
Lm, Qe |[f(+5)-f(),. >0 as 5—>0.

L.
Consider the closure of C™* in L”“ and de-
note it by M "*,

In the sequel, we will extensively use the
following lemma.

Lemmal. If felL AgeMP?,

1< p<+mw, 0<a<] then fg e M "<,
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Consider the following singular operator:

(ko) o [ T,

TEY.

Using the results of [7;11;14], it is easy to
prove the following
Theorem 1. Singular operator S acts

boundedly in MP™“(y) when 0<a <1 and
1< p<+oo.

Consider the space H* . Denote by
L"“ the subspace of L™, generated by the re-
strictions of the functions from H”* to .
From the results mentioned above it immediate-
ly follows that the spaces H"“ and L"“ are
isomorphic and f *(-)=(Jf X-), where f e HP“,
f* are nontangential boundary values of f on
y, and J performs the corresponding isomor-
phism. Let M P =M P A L™“_ It is clear that
M P is a subspace of M " with respect to the
norm [/, . Let MH”“ = 3°(M ). The latter

is a subspace of H”“. Let f eH”* and f~
be its boundary values. It is absolutely clear
that the norm in Hf s Can be defined also as

[Flape =T e
£ Lp‘a

Similar to the classical case, we define
the Morrey-Hardy class outside o . Let
D =C\@ (@=wuy). We say the analytic
function f in D~ has finite order k at infinity,

if its Laurent series in the neighborhood of the
point at infinity has the following form:

[
f(z)= > a,z", k<+w, a, #0.

Thus, for k >0 the function f(z) has a

pole of order k ; for k =0 it is bounded; and in
case of k <0 it has a zero of order (—k). Let

f(z)= f,(z)+ f,(z), where f,(z) is the princi-
pal, and f,(z) is the regular part of decomposi-
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tion (1) of the function f(z). Consequently, if
k<0, then fy(z)=0. If k>0, then f,(z) is a
polynomial of degree k . We say that the func-
tion f(z) belongs to the class , H ™, if it has
the order at infinity less or equal to m, i.e.

c<mand f(7]err
z

The class ,MH"“ is defined in a very
similar manner to the case of MH"“. In other
words, ,MH"™* is the subspace of A H"™* -

functions whose shifts are continuous on the
unit circle’s circumference with respect to the

norm H‘Hm(y)'

We will need the Sokhotski-Plemelj for-
mula for the boundary values of a Cauchy type
integral

where f(e")e L (-7, 7). Then the boundary
values ®*(z), rey , satisfy the following

Sokhotski-Plemelj expression:

®*(r)=+=f(z)+(Sf Nz), ae. rey (3

From the Sokhotski-Plemelj formulas (5)
it follows that

f(r)=®"(c)-d (z), ae. rey. 4)

Applying Theorem 1 to the expression
(4), we obtain in a similar way that the direct
decomposition

MP“ =MHP“+ 1 MHP“  (5)

also holds.

Let P* be projectors
P":MP* 5> MP* AP :MP* > MP“
generated by the decomposition (5) (or (11)).
Denote by T*:MP™* —MP“ the multiplication
operators defined as follows:
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T f=Af AT f =Bf, vf eL"”.

Consider the operator T =T "P"+T P".
Thus, we have proved the following theo-
rem:

Theorem 2. Let A" ;B" el (-7,7).
The system (1) forms a basis for M ™“ only
when the equation Tf =g, geM™* is cor-

rectly solvable in M »“.
Now let’s prove the following main theo-
rem.

Theorem 3. Let A®;B* eL (-7, 7). If
the system (1) forms a basis for M”* |
1< p<+o0, 0<a <1, then it is isomorphic to
the classical system of exponents {e"“}nez in

M "¢ with the isomorphism given by means of
the operator T,:

(T, £)t) = AR)3 (Fre" "+

n=0

B (Fre ™™,
where
(f;g):;ﬂ” f(0)g )t

This theorem has the following immedi-
ate corollary:

Corollary 1. If the perturbed system of
exponents

{ei(n+asignn)t }

forms a basis for the space M "“, 1< p < +o0,
0 < a <1, then it is isomorphic to the classical
system of exponents {e‘”t}nez in this space.
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MORRI-LEBEQ TiP FOZALARDA iKi BAZIiSiN iZOMORFLUGU HAQQINDA
B.T.Bilalov, R.H.Abdullayeva

Kompleks giymatli omsala malik ikigat eksponent sistemins baxilir. Omsal {izorino miioyyan sortlor goymagla
isbat edilmisdir ki, agar bu sistem Morri-Lebeq tip fozada [— 7T, 72'] araliginda bazis toskil edirse, onda bu sistem bu
fozada klassik eksponent sistemino izomorfdur.

Agar sozlar: Morri-Lebeq tip faza, eksponent sistemi, izomorfizm, bazislik
Ob U3OMOP®U3ME JIBYX BASHUCOB B IPOCTPAHCTBAX
THUIIA MOPPHU-JIEBET
B.T.buaanos, P.I'.AGaynnaeBa

PaccmaTpuBaeTcst JBOIHAs cUCTEMa SKCIOHEHT C KOMIUIEKCHO3HAYHBIMU Kod(¢uuunentamu. [Ipu onpexneneH-
HBIX YCIOBHSX HA KO3 (QHUIMECHTHI JOKa3bIBACTCS, YTO €CIIM 3Ta cucTeMa o0pasyeT 6a3uc B mpocTpaHcTBe THUITa Moppu-
JleGer Ha MpoMexyTKe [— T, 7[] , TO OHa N30MOp(HA K KJIIACCHIECKOH CHCTEME HKCIIOHEHT B 3TOM ITPOCTPAHCTBE.

Kniouegwie cnosa: npocmpancmeo muna Moppu-Jlebee, cucmema sKkcnonenm, uzomop@usm, 6asucHocme
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