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THE SOLUTION OF THE CAUCHY PROBLEM FOR A LANGMUIR CHAIN
WITH AN ASYMPTOTICALLY PERIODIC INITIAL CONDITION

Ag.Kh.Khanmamedov'?, M.G.Mahmudova'!
(Presented by Academician of ANAS M.F.Mekhtiyev)

The Cauchy problem for a Langmuir chain with an asymptotically periodic initial condition is
considered. The global solvability is proved. Formulas that allow to find a solution are obtained by

the method of inverse scattering.
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Introduction

Langmuir chain, describing (see [1] and
references therein) the induced scattering of
plasma oscillations on the ions, has been an ac-
tive subject of study for a number of years (see
[1] - [5]) in the context of the theory of integra-
bility. It is known that the inverse scattering
method allows detailed investigation of the
Cauchy problem for a Langmuir chain in the
periodic case (see [4]). From a physical point of
view it is natural and asymptotically periodic
initial condition (see [5]). In this case, there
arises the question of the existence of a solution
of a Langmuir chain differing from a periodic
one little.

For a sequence of positive functions

c,=c,()>0, ¢, eC®[0,,0) consider the
Cauchy problem for a Langmuir chain
¢

n

d
=c.(c ,—C. .),=—,ne’, 1
n( n-1 n+l) dt € (1)
c,(0)=¢, +x,, 2)

where /€, .\ =\/é—n>0 (neZ,N is integer)
is a periodic coefficient of Hill difference equa-
tion

\/EYH + \/é_nyn+1 = ﬂ“yn’ neZ (3)

and x? is an infinitesimal sequence.
Denote the periodic solution Langmuir

chain with the initial condition € (0)=¢, as
€, (t). In [4], the existence of solutions ¢, (t) is

proved and a diagram of its construction is given.
Assuming that €, (t) is known, we seek such a

solution c,(t)=C,(t)+x,(t) of the problem
(1)-(2) that the sequence x,(t) is a rapidly de-

creasing function, i.e. for any T >0 satisfies
the condition

”Sl (t)”C[O,T] <%, (4)

where

8,(t) =2 _[n[x, (t)].

neZ

In this paper, the solution of (1)-(2) is
studied in the class (4) by the method of the
inverse scattering problem. A similar problem
was considered in [6], [7] for the Toda chain in
[8] for the Korteweg-de Vries equation.

Theorem 1. The solution of the problem
(1) - (2) exists and is unique in the class (4) if
S,(0) <.

The theory of scattering for a perturbed
Hill difference equation is used to solve prob-
lem (1)-(2) built in [7], [9]

A 0 ~ )
Cot P XaYna PVG X Yo = /Wn, ne”Z (5)

where it is assumed that S,(0) <oo. It is known

[9] that the continuous spectrum of the equation
(5) consists of N zones &, =[4,, ,,4,,] n=1...,N,
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separated by gaps @, = (—001/11 ) W, =

= (A A W1 =1, N =1, @0 = (A, ,+0).
This equation may also have simple eigen-
values 7,k =1,..., p lying in the gaps.

Let ' be complex A -plane with cuts
along the spectrum o . As follows from [9],

equation (5) has a solution g-(4) that can be
represented in the form

g;(ﬂ>=a*(n>{wm>+ fK*(n,mw;(ﬂ)},nez, (6)

m=n+l

where . (A)is a Floquet solution of the un-

perturbed equation (3). These decisions relate
to the range of equalities

9,(1) =a(A)g, (1) +b(A)g, (1), A€al’, ()

9, () =Mg,(A), k=1....p. (8)

This set of values {a(2).b(2);7:Mk=1...., p}
is called the scattering data for the equation (5).
We introduce the solutions ¢, (A4),6,(A4)

of the equation (3) with the conditions
(A1) =6,(1) =0,¢,(1) =6,(1) =1.
1. Let A(A)=2"p.,(A)+6,(1)] Let

—~ VAP (A) -1
mi(ﬂ) — (0N+l(ﬂ“) gN (/1) + ( ) be
20, (4) @n (4)
Weyl function where the regular branch of the
radical is selected in I" so that /A*(1)-1<0
when A > 4,,.

It follows from the results of [7], [9]
that, subject to condition S,(0) <oo the dis-

turbance factor x° is uniquely determined by

the scattering data and on the periodic coeffi-
cientsC, . That is, we suggest that

F(n, :_p on () M, = W
(n,m) kzllz\/a IO oY (rwa () +

1 J‘ on(4) b(4) .

1 Dwidi- (9)
+27z] arz\/a %Az(ﬂ)_l a(l)‘r//n( )Wm( )

Then the coefficient x° is reduced by the
formula

C, + Xy
—1 = /¢, +€..K(nn+2)-
VG, e : (10)

-J€ K'(n-Ln+1),neZ

wherein the core K™ (n,m) is a solution of the
basic equation of Gelfand-Levitan-Marchenko
type

F(n,m)+ K" (n,m) + iK*(n,r)F(r,m):O,

nezZ, m>n+1. (11)

In the case where the coefficient

JE, (1) +x,(t) is in the equation (5) where
JE, (1) +x,(t) is a solution of equation (1), the

evolution of the scattering data is described by
at the time by the following.

Theorem 2. If in equation (5) with a fac-

tor /€. (t) + x,(t) which c, (t)=¢, (t)+x,(t) is
a solution of equation (1), the evolution of the
scattering data is described by formulas

a(A,t) =a(4,0), b(4,t) =

= b(4,0)exp ( [l5-2.7) —5+(ﬂ.,1‘)]d7.'} (12)

M, (®) = M, (0)exp (j[ﬁ(w)—&*(n.r)ldr}

k=1...,p,

where
A _Q Y
5 (A, 1) = Am*(A,1),/6, (t) + €, (t) (;)(t) A

and m*(4,t) =w; (4,t) is Weyl function for the

equation (3) with a factor /¢, (t).

Formulas (12) allow us to find the solu-
tion of problem (1)-(2). To do this it is neces-
sary to find the data scattering when t =0, then

to build a function F*(n,m,t) by formula (9)
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where it should substitute (12) instead of
a(4,0),b(4,0),M, (0) . Further the following

equation of the type (11) with the parameter t
should be solved. Then formula (10) recorded
at the time t give a solution.

Note that if to suggest N =1, then the
equation (12) becomes known evolutionary for-
mulas for the case of rapidly decreasing initial
data (see [1], [4]). In addition, if the periodic so-
lution €, (t) is built (at N =2 the solution
¢, (t) is found by the formula ¢, (t)=¢,(0)),
then, as in the case of rapidly decreasing initial
conditions, a soliton solution of the problem (1)
- (2) can be found, taking the initial condition
corresponding to the scattering data of
{2(2,0),b(2,0) = 0;7,; M, (0)} type.
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ASIMPTOTIK PERIODIK BASLANGIC SORTO MALIK OLAN LENGMUR ZONCIiRi UCUN
KOSi MOSOLOSININ HOLLI

A.X. Xanmammoadov, M.H.Mahmudova

Asimptotik periodik baglangic sorto malik olan Lengmiir zonciri Gigiin Kosi masalosine baxilir. Masalanin global
halli isbat olunmusdur. Tars sopilme metodu ils halli tapmaga imkan veran diisturlar alinmigdur.

Agar sozlar: Lengmiir zanciri, Kogi maSalasi, sapilma masalasi, tors sapilma metodu

PEIIIEHME 3AIAYM KOIIH JJIsI JEHTMIOPOBCKOM HEIMMOYKH C ACUMITOTHUYECKH
HNEPUOJUYECKUM HAYAJIBHBIM YCJIOBUEM

Ar.X.Xanumamenos, M.I'.'MaxmynoBa

Paccmorpena 3amaga Komm a1 JEHIMIOPOBCKOW LIENOYKH C ACHMITOTHYECKH TEPHOANYECKHM HAYaIbHBIM
ycnoBueM. J[okazaHa riiodanbpHasi pa3pelnMocTb 3a1a4i. MeTogoM oOpaTHOH 3a7a4u paccestHusl Oy4YeHb! (O PMYIIbI,

IIO3BOJIAOIINE HalTH peuicHue.

Kniouegvie cnoea: nenzmioposckas yenouxa, 3adaua Kowwu, 3a0ava pacceanus, memoo obpamnoi 3a0aqu pac-
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