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TOPOLOGICAL SUPERCONDUCTIVITY IN QUASI-ONE DIMENSIONAL
STRUCTURES
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A new class of superconducting quasi-one dimensional materials was suggested, where the
topological phase is realized even in the absence of an external magnetic field. Such time-reversal
invariant topological superconductors are fabricated by filling the superconducting materials into
the periodic channel of dielectric matrices like zeolite and asbestos under high pressure. The topo-
logical superconducting phase sets up in the presence of large spin-orbit interactions when s-wave
intra-wire and d-wave inter-wire pairings take place. Kramers pairs of Majorana bound states

emerge at the edges of each wire.
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Introduction. The recent theoretical pre-
diction and experimental observation of topo-
logical phase of matter in a number of materials
[1] have attracted great interest in this subject.
These qualitatively new materials are character-
ized by a bulk gap and topologically protected
gapless edge states. The topological concept can
be applied to both insulators and superconduc-
tors. The time-reversal invariant (TRI) topologi-
cal superconductors (SCs) was predicted by
theoretical classification of Bogolyubov-de Gen-
nes (BdG) Hamiltonian [2,3] which constitute a
completely distinct symmetry class DIII. Topo-
logical SC has a bulk gap and gapless Andreev
bound states. Due to the presence of intrinsic
particle-hole symmetry (PHS) the gappless zero-
modes in the topological superconductors consti-
tute Majorana fermions (MFs), obeying non-
Abelian braiding statistics which is useful in im-
plementing fault-tolerant topological quantum
computer [4]. A variety of condensed- matter sys-
tems hosting localized Majorana quasi-particles
have been proposed, notably quantum Hall states
[5] and topological superconductors [6-9], as
well as systems with the charge-density wave
instability [10]. The challenge is to find a real
material which supports the topological SC
properties.

Recent works [11,12] have proposed TRI
topological superconductivity (class DIII) with
a 7, invariant, which takes a value v =1 in a
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number of systems with intrinsic or proximity
induced superconductivity of p-wave, spin-triplet
or d-wave and s, -wave spin-singlet pairings.

In this work we show that the time-
reversal invariant topological superconducting
phase can be realized in quasi-one-dimensional
(quasi-1D) wires on the plane in the presence of
s-wave intra-wire and d- wave inter-wires pairings.
Similar structures have been fabricated [13] by
filling a superconducting material into the cavi-
ties or channels of dielectric matrices like zeo-
lite and asbestos crystals under high pressure up
to 30 kbar. The regular set of channels or cavi-

ties of 5 — 10 A° diameter in zeolite and from

20 —30 A" up to 100 — 150 A4° diameter in as-
bestos [14] form a periodic lattice of different
geometry in one-, two- and three-dimension,
e.g. like several equidistant filaments with 5 +

20 4° separation in zeolite and with 150 + 500

A° separation in asbestos on a plane or quasi-
1D space lattice. The critical temperatures T’

c

of such structures become higher than the T,

of the bulk superconductors by factors of 2 — 5
[13]. High stress field around the filaments may
guarantee higher value of spin-orbit interactions
in the structures. An increase in the critical
temperature may be caused by an additional
inter-wire pairings due to polarization of the
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dielectric matrix between the wires. Multiple
Majorana-Kramers pairs with strongly spatial
overlapping wave functions are protected by
time-reversal symmetry, and they persist at zero
energy. The picture is rather complicated in the
quasi-1D topological superconductors, where
the Majorana-Kramers pairs emerge at the ends
of each wires. The Majorana-Kramers pairs
with spacially overlapping wave functions can
persist only if their splitting is forbidden by an
underlying symmetry such as spatial reflection.
In order to prove a protection of the Majorana
fermions at each end of the superconducting
wire, one can reduce N-superconducting wires
problem to one wire problem, and to clarify a
survival condition for the Majorana-Kramers
pairs in this effective wire.

The paper is structured as follow: In Sec-
tion II we describe the model of N weakly cou-
pled superconducting wires on a plane with in-
tra-wire and inter-wire pairings. In this Section
we show that N-superconducting wires problem
can be reduced to two-wires one. The energy
spectrum of the TRI topological SC, which hosts
a zero energy bound states in the absence of the
Zeeman magnetic field, is calculated, and condi-
tions for realization of the TRI topological su-
perconducting phase are discussed in Section III.

Model for strongly anisotropic topo-
logical superconductors. The equidistant su-
perconducting wires, aligned along x-axes in {x,
y} plane, with intra- and inter-wire s-wave pair-
ings (see, Fig.a), in the presence of spin-orbit
interactions (SOIs) and arbitrary directed mag-
netic field B are described by Hamiltonian

H= Z {I:[_/,_/‘ + I:I_/,_/H + I:[_m,_/} s (1)
7
A dk, .
Hj,j = ZJ. 27[ {l//j,o (kx )gkx l//j,c (kx) +

+2sinky [0(0,) g0 + B(O) o W 0 +

+ gzl//;'r,o- [(Gz )0',0" COSO +

+(0,) 4 SINOCOSO+
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+ Ea [l//;'r,o- (O-x )o-,o" l//jJrl,O" - l//;':rl,o‘ (O-x )0',0" l//j,o-' ] +

LT +
+gﬁ[l//j,cr (Gy)cr,cr'l//jﬂ,o“ _l//j+1,U (Gy)cr,o“l//j,cr'] +
+ [AO (l//;r,’]‘ (kx )l//;:rl,J, (_kx) +

by (R hell, ()

A

where ., = 17,0 vl ()W, (k) is a
creation (annihilation) operator of an electron
with a longitudinal momentum £ and spin o in
a jth wire #,(¢,) and u are the longitudinal

(transverse) overlap integral and the Fermi
energy, ék = (=2t ;) cos kx —u) is the energy

dispersion in a single wire, a () and @(f3)are
the longitudinal and transverse components of
Rashba (Dresselhaus) spin-orbit constants;
g, =ghu,B/2 is the Zeeman energy 6 and
@ are correspondingly the polar and the azi-
muthal angles of the magnetic field
B = B{sin ¢ cos¢,sin Osin 8,cosf} . The exis-
tence of intra- and inter-wire s-wave order pa-
rameters A, and A, allows one to introduce the

effective order parameter A(k,) in momentum
space, A(k,)=A,+2A, cosk, =|A(k,)e” .

Further, we will take o =& and 8 = B .We as-
sume also that the structure is strongly anisotropic
and the condition 7, << ¢, is satisfied. The Fermi
surface under this condition becomes opened (see,
Fig.b), consisting of two goffered lines. Note that a
conventional Josephson coupling between the
wires is realized wunder the condition
t, <kyT., <<t,, where T, is the critical tem-
perature of the superconducting phase evaluated

by means of the mean field theory.
We write Hamiltonian, given by Egs.(1)-(3),
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as N x N tridiagonal matrix in the basis of the
generalized Nambu wave function of N super-
conducting wires,

yy = (l//lka ’l//;,kx a---‘//_;r,kx 7"'W]J\r/,kx) which is 4N
dimensional vector with
wy =W (k)i (k) (k)= 4 (k)

~ dk
for a single wire, H = Jz—XW;HNl//N .This ex-
T

pression can be exactly written in the two-wire
Nambu basis,

2)+ _ + +
Wi =W W )

3 dkx N 2)+17(2),,,(2)
where H—Jg;‘//w H v ™7, (4)
H® = Hj,j Hj,j+1 (5)
’ Hj+1,j Hj+1,j+1

and each H , , entry is 4x4 matrix,

1 .
H, =, {8 7. +2asink 7.0, +

+2fsink,7.0, +&.(cosO,0, +
+sin@; cosp o +
+sin6,; s1ngoj6y)+|A0|cos¢0jrx -

—|A,|sing, 7.}, (6)

H.

1 - o
e = E{tjz tiar,o, +iffit.0, +

+|A1|cos¢l,_/_rx —|A1|sin¢l,jry}' (7)
Note that
HN,N+1 =H

(5) for H'? .The expressions (4)-(7) show that the

BdG Hamiltonian written for N wires in the
presence of the spin-orbit interactions and an ex-
ternal magnetic field can be reduced to the two-
wires problem. Therefore, studies of problems,
such as Josephson current, structures of the
Abrikosov’s vertices etc. for two-wires are enough

N+LN — 0 and HNH,NH = H1,1 m Eq‘
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to extend the results to a realistic quasi-1D struc-
ture.

In the absence of the magnetic field,
B =0, the time reversal invariance (TRI) is
preserved, and a topological phase is shown to
be realized in the superconducting state with
intra-wire and inter-wire pairings. Hamiltonian,
given by Egs. (1)-(3), is transformed from dis-
crete wire-number representation to the mo-
mentum space, and is written in the extended
Nambu spinor basis

v =i v vs)

2 ”dkx ”dky +
as H= -[E jgwkHl//k , where

-7 -7

H=¢ t +2asink, —Bsink .o, +
+2(Bsink, —asink )r.o, +&.(cosbo, +

+sinfcospo, +sinfsingo )+

+|A|cos gr, —|A[singr (8)
where &, =-2¢, cosk, -2t cosk,—p and ¢
is the total phase of the effective order parame-
ter  A(k,)=A,+2A, cosk, =|A(k,)le” .

The Pauli matrices o, and 7, act in the spin-
and particle-hole spaces, respectively.

Time reversal symmetric topological
superconductors. In the absence of the mag-
netic field and for real order parameter (¢ =0),
the time-reversal symmetry and the particle-
hole symmetry are protected in topological SC.
Hamiltonian #(B-0)=H, satisfies the relations
©H, (k) = H,(-h)ewith TRI operator © =iz K where
K is the anti-unitary complex conjugation op-
erator. The particle-hole symmetry emerges from
the intrinsic structure of the BdG Hamiltonian,
which relates quasi-particle excitations at
+ E through the second quantized operator rela-
tion y, =y’ , signaling a formation of zero-
mode Majorana state. This symmetry satisfies
the anti-commutation relation =ZH, (k)= (k)=

with the particle-hole operator E=7 0 K ,

—<»— [OKIAObI



22 THE REPORTS OF NATIONAL ACADEMY OF SCIENCES OF AZERBAIJAN, 2015, VOLUME LXXI, Ne2

obeying Z* = —1. The presence of time-reversal
symmetry and particle-hole symmetry leads to a

chiral symmetry I1H, (k) =—H,(-%)I1 where the
unitary chiral operator IT is the product of ©®
and 2,I1=-0@-E=7 0.

The energy spectrum, obtained from
det|E0 —H0| =0, reads

Ey =s5\(& &) + A (k,), )

where

g, = 2\/(sin2 k, +sin’ ky)(oc2 + ) —4apfsink, sink,

with s=+ (10)

is the spin-orbit interactions energy, (we
takea = a and S = B for simplicity). The con-
dition Ak,)=0 determines the no dal points of
the order parameter. A(k,)=A,+2A, cosk, chan-
ges sign at cosk, =FA,/(2A)) if|A0|<2A1 as
moving along k, from k =0 to k, =7 .
A nontrivial TRI superconductor with v =11is
realized if there are an odd number of Fermi

surfaces with a negative pairing order parame-
ter [3]. At the nodal points

E,, =s[2¢t,cosk_+

A
+/’t_tiﬁi85N(kxakyN)]a (11

1

5 =41-A} /(4A%) and

ey ) = 24(sin’ k, +5°)(@ + B*) - dafSsink,
is the value of the SOI energy, given by Eq.
(10) at the nodal point k , =arccos(-A, /(2A,))).

ggy (k,,k, ) varies between the maximal

where

max s min
&g and minimal &g, values. The order pa-

rameter switches sign as the nodal point is
crossed. On the other hand, the SOIs split the
Fermi surfaces.
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Figure. (a) Structure and (b) Fermi surface of quasi-1d
superconducting wires on a plane. Energy spectrum for

(c) and (d) A, > 0 with a zero-energy state at the cen-

ter of the Brillouin zone and A, < 0 with a zero-energy
state at the boundaries of the Brillouin zone
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The splitted Fermi surfaces around the nodal
points lie in the energetic interval
ggy (k,,k, ) from each other. Non-trivial

TRI topological phase with v =1 is realized
when the maximal value of the kinetic energy
term (the first three terms ) in Eq. (11) is small-
er than the minimal value of the SOIs medi-
ated splitting energy

|2t// +u—t A, /A1| <egy (ky,a,B).
The SC is fully  gapped
[2t, + =t Ay /A > ed (kyoa,B)-
The calculation of the BdG quasi-par-
ticles” energy spectrum is simplified for =0, for

which 8;1\;“ (k.,a,B)=2a0 and

e (k,,,o,8)=2a~1+5> .The band struc-

ture of the topological SC with zero energy sur-
face states for this case is drawn in figs. ¢, d. For
A, <0, Majorana edge states appear at k= 0.

when

The zero energy states move to the Brillouin
zone boundaries, k_=+z , for A, >0 (see,

fig.d). The topologically non-trivial supercon-
ductor belongs to DIII symmetry class with Z,
invariant, which takes a value v =1. In this case
unpaired MFs at each end of a single wire form
topologically protected Majorana Kramers pairs,
yielding four zero-energy modes.

Conclusions. In this paper we argue that
a TRI topological superconducting phase may
realizes in the novel class of materials, con-
sisting of regular, weakly-coupled supercon-
ducting wires in dielectric matrices [13,14].
The structures are fabricated under high pres-
sures, which guarantee higher value of spin-
orbit interactions. Experimentally observed en-
hancement of the critical temperature of these
structures allows us to suggest that apart from
the intra-wire pairing, the inter-wire pairing sets
up too, yielding an effective (s+d) wave nodal
order parameter. The order parameter changes
sign by crossing the nodal point between two
Fermi surfaces, splitted due to spin-orbit inte-
ractions. Note that the only requirement for re-
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alization of a non-trivial topological supercon-
ductor is that the superconducting pair potential
switches sign between the two Fermi surfaces.
Time-reversal symmetric topological supercon-
ductor belongs to a DIII symmetry-class and is
classified by the Z, topological invariant.

The distance between the superconduct-
ing wires in the cavities or channels of the di-
electric matrices is enough large which allows
us to detect the position of each wire under
scanning tunneling microscope (STM). Topo-
logical phase in a single wire can be manipu-
lated by supplying an electrical potential by
means of the cantilever of the STM, which de-
rives the wire from the superconducting phase
to a normal metallic phase destroying Majorana
quasi-particle in a particularly chosen wire.
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KVAZIi-BIROLCULU STRUKTURLARDA TOPOLOJIi iIFRATKECIRICILOR
9.P. Nohmadov, S.0. Mommoadova, O.Z.9lakbarov

Kvazi-birolgiilii ifratkegirici materiallarin yeni sinfi toklif olunmusdur ki, bu ifratkeciricilor maqnit sahosi
olmadig halda bels topoloji fazaya kegirlor. Bu tip zamanin ters doyisiminds invariant qalan ifratkegiriciler, seolit vo
asbest kimi dielektriklords periodik olaraq yerloson bosluqlara ifratkegirici maddolorin yiiksok tozyiqlo doldurulmasi ilo
almir. Topoloji ifratkecirici faza, yiiksok spin-orbit tosirina malik sistemlords ifratkecirici naqillor boyunca s-sim-
metriyali vo naqillor arasinda d-simmetriyali Kuper ciitlorinin yarandigi halda meydana cixir. Bu halda, har bir naqilin
uclarinda Majorana hallarinin Kramers ciitlori amals golir.

Acar sozlor: ifratkegirici, Majorana fermionlari, topoloji dielektriklor

TOHOJIOTHYECKAS CBEPXITPOBOJUMOCTD B KBA3U-OAHOMEPHBIX CTPYKTYPAX
9.I1. Haxmenos, C.O. MamenoBa, O.3.Ajexknepos

MBpI IpeUTOKHIN HOBBIH KJIacC CBEPXIPOBOIIINX KBA3HU-OJHOMEPHBIX MAaTEpHaJIOB, Te TONOIOrHYecKas da3a
peanmzyercst Jake IPH OTCYTCTBUHM BHEIIHETO MAarHUTHOTO MOJS. JTH TOIIOJOTHYECKHE CBEPXIIPOBOAHUKH, KOTOpBIE
WHBAPHAHTHBI NIpH OOpAIIEHNH BPEMEHH, W3TOTABJIMBAIOTCS C MOMOIIBI0 BHEAPEHHUS CBEPXIPOBOJSIINX MATEPHAIIOB
TIO/T BEICOKMM JIABJICHUEM B MEKAaTOMHbIE ITEPHOANIECKHE KaHABI IMAIEKTPHUKOB, TAKUX Kak IIeoJHT U acoecT. CBepx-
MPOBOJTHHK TIEPEXOIUT B TOIOJIOTHIECKYIO ()a3y B NPUCYTCTBHM OOJIBIIOIO 3HAYEHHS CIMH-OPOHUTAIBLHOTO B3aMMOCH-
ctBUs, Koraa KymnepoBckue crapuBaHUs HNOSBISIFOTCA KaK BIOJb MIPOBOJIOKH, TAKKE MEXIY COCEAHUMU MTPOBOIOKAMHU.
ITapsr Kpamepca MaliopaHOBCKHMX COCTOSTHHI BO3HHMKAIOT B KOHLIAX Ka)KIOH MPOBOIOKH.

Knroueswie cnosa: ceéepxnposooumocme, Maiiopanosckue ghepmuonsvl, mononocuiecKue OUdIeKmpuKu
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