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ON BASES IN BANACH SPACES
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A direct expansion of a Banach space with respect to subspaces is considered. A method for
constructing a basis for a space proceeding from bases for subspaces is offered. We also consider
the cases when the bases for subspaces are isomorphic and the corresponding isomorphisms may
not hold. And we study the completeness and the minimality of corresponding systems.
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Introduction

Study of the spectral properties of many
discrete differential operators requires new
methods for constructing or establishing bases.
In case of discontinuous differential operator,
there arise the systems of eigenfunctions that
cannot be treated for basicity by the earlier
methods. To shed some light on this situation,
we consider the following model spectral prob-
lem for second order discontinuous differential
operator

~y(3)= 22l). ¥ e (-1O)U0.1),

with the boundary conditions

y(=1)=y(1)=0: y(-0)=y(+0),
Y'(=0)=y'(+0) = 2my(0).

This spectral problem has two sets of eigen-
functions [1]:

uln(x)zsinﬂnx, xe[—l,l], neNnN,

sin 7mx + o[lj, IS [— 1, 0],
n

—sinﬂnx+0[lj, X € [0,1], neN.
n

and

U, (x):

Such spectral problems arise when solving
the problem of a loaded string fixed at both
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ends with a load placed in the middle of the
string by the Fourier method [2;3]. The use of
this method requires the study of basis properties
of the double system {uln;u2n }neN in corres-

ponding spaces of functions (usually in the
Lebesgue or Sobolev spaces). Of course, it
should be started with the basis properties of
the system {u,,;9, } which is the principal
part of the of the

{uln ;u2n }neN :

s - fin <ol

—sIn 7mx, X e [0,11

neN ?

asymptotics system

This is usually followed by the applica-
tion of various perturbation methods. This ap-
proach is well studied (see, e.g., the articles [5-
10] and the monographs [4; 11-15]. On the
other hand, it is not difficult to see that the
principal part {u, ;9 }  is not a standard (in
other words, classical) system. It turns out that
the form of the system {u,,; 9, } is not spe-

cial, i.e. it can be derived from the general case.
The general approach to these systems allows
introducing a new method for constructing ba-
ses with a lot of applications in the spectral the-
ory of differential operators.

In this work, we consider an abstract ap-
proach to the above problem. We consider a
direct expansion of a Banach space with respect
to subspaces. We offer a method for construct-
ing a basis for a space proceeding from bases
for subspaces. We also consider the cases when

neN

neN
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the bases for subspaces are isomorphic and the
corresponding isomorphisms may not hold.
And we study the completeness, the minimality
and the uniform minimality of corresponding
systems.

Completeness and minimality

In the sequel, we will use the following
construction and some obvious facts. Let the
following direct sum hold

X=X,0..0X,,
where X, , i=lm,

convenience, we will represent the elements of
the space X in the form of a vector

are some B -space. For

X € X < X = (x17x27“'>xm)’

where x, € X, ,k =1,m. The norm in X will
be defined by the formula

m
[l = 20l
X, = Xl -
i=1

Suppose we are given some system
{u,} _, < X, for every i=1,m. Consider the
following system in the space X :

L0, izl,_m;neN.

inoee

0
u, =1 0,...,u,
H_J

Consider the following system in
the space X :

o, (alluln, ;a, U )i 1,m;n

mn im~" mn

eN, (1
are some numbers. Let

where a;

A=(a;) i A=detd.

i=lLm. If

is also

complete (minimal) in the space X, ,

A=0, then the system |, }

1=mneN
complete (minimal) in the space X .

In case A =0 we have the following
theorem.

Theorem 2. Let the system {u,} . be

minimal in X,, for every i=1,m. IfAzO
defined by (1),

neN

then the system {a)m}

=1,my ,mneN”’
not minimal in X .

Proof. Let’s show that the system
{o, }z‘:ﬁ is linearly dependent for every ne N .

From det(ai/.): 0 it follows that there exist the

numbers c,, i = l,_m, not all equal to zero, such
that

Za,/c, =0,j= 1,m.
Then

m
D, = e dau, =
i=1 =l j=1

—i[ia,/ ,j _?n =0,VneN.

j=I\i=1

Thus, in case A=0 the system
{u i }i:ﬁne v 1s linearly dependent and not mini-

mal. Theorem is proved.
The following theorem is also true.

Theorem 3. Let the system {u, } . be
complete and minimal in X, for every i = 1,m.
If A=0 then the system {a)

complete and not minimal in X .

in }i:mneN Ls not

Basicity
Suppose a direct expansion X =4, ©..© X,
holds, where x, k=1,m are some B -space. Let

T,:X, —»X, be some operators. Consider the

system
The following theorem is true. . X
Theorem 1. Let the system {um }”EN be za’/ X =Y J = (2)
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where y, e X, j=l,_m are the given, and

x, € X,, i=1,m are the sought elements. As-
sume that the spaces X,, k =1,m, are pairwise
isomorphic and 7, performs a corresponding

isomorphism. Besides, assume that the follow-
ing conditions are satisfied:

AT, =1, T, =T,

ij Ji 2

r,T,=T,,Vi,j=1,m, where I, is the
identity operator in X, .

Thus, the following lemma is true.

Lemma 1. Let the operators T,: X, > X,
perform an isomorphism between X, and X,
the conditions A) be satisfied and A # 0. Then
the system (2) is uniquely solvable for
VyeX,y =(y1a---,ym)t and, moreover, AM >0

[ =851, 3)

where

>"m

x=(x,.0x,,).

The following theorem is true.

Theorem 4. Let T, eL(Xi,Xj) be an
isomorphism, the conditions A) be satisfied
and A#0. Then the operator T:X — X,
defined by the matrix (a!/T!/ )7,1,51 , is an auto-

morphismin X =X, ®..@ X .

Suppose that the systems {u, |  form

ne

bases for the spaces X, i =1,m, respectively.
Let these Dbases be isomorphic and
T, e L(X 5X /.) perform a corresponding isomor-

phism: T,u, =u n e N . It is clear that the

Theorem 5. Let the B -spaces
X,,i=1,m, be pairwise isomorphic and the

systems {um }”EN form isomorphic bases for

them, respectively. If A #0, then the system
{a)m }l—:ﬁwe v forms a basis for X, isomorphic

0

to the basis {u o }i=ﬁ-ne v
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BANAX FOZALARINDA BAZiSLOR HAQQINDA
B.T.Bilalov, T.B.Qasimov
Banax fozasinin alt fozalarmin diiz comino ayriligina baxilir. Alt fozalarin bazisindon ¢ixis edorok fozanin
bazisinin alinmasmin bir tisulu toklif olunur. Alt fozalarin izomorf oldugu va bu izomorfizmin tolob olunmadig: hallara

ayriliqda baxilir. Homg¢inin miivafiq sistemlorin tamliq ve minimalligina baxilir.

Acgar sozlor: bazis, tamlig, minimalliq

O BABUCAX B BAHAXOBBIX IPOCTPAHCTBAX
b.T.bunanos, T.b.Kacymos
PaccmarpuBaercs mpsiMoe pasliokeHHe O0aHaXOBa IMPOCTPAHCTBA MO MOATIPOCTpaHcTBaM. [Ipemraraercs omuH
crioco0 oOpaszoBaHms Oa3nca MPOCTPAHCTBA UCXOA U3 0A3UCOB MOMIPOCTPAHCTB. OTHEIBHO paCCMAaTPHUBAIOTCS CIy4YaH,
Koraa 0a3uchl MOIPOCTPAHCTB M30MOPGHEI, H KOTJ]a COOTBETCTBYIOMIAE N30MOP(QU3MEI MOTYT HE HMETh MecTo. Tarke

pacCMaTprBaArOTCA MOJHOTA U MUHUMAJIBHOCTH COOTBCTCTBYIOIIIUX CUCTCM.

Knroueewie cnosa: basuc, noanoma, MUHUMAIbHOCIb

MORUZOLESR —«4»— REPORTS —<«»— [OKIAQbI



