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CONTROL OF THE MOVING SOURCES FOR WAVE EQUATION
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The problem of optimal control of the moving sources for oscillatory system whose state are
described by the wave equation is investigated in this paper. The necessary conditions for optimali-
ty were established in the form of the pointwise and integral principles of maximum.
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1. Introduction

The problems of optimal control of mo-
ving sources have numerous applications and
great applied importance [1-5]. In these works
problems of boundary control of processes of the
oscillations described by the wave equation were
investigated. In view of complexity of the solu-
tion of a problem of control of moving sources
whose state are described by the partial differen-
tial equations, were studied insufficiently [6-9].

The variation method of the solution of a
problem of optimal control of the moving sources
for oscillatory system whose state are described
by the wave equation is considered in the present
paper. For the problem of optimal control consid-
ered below the theorem of existence and unique-
ness of the solution is proved, necessary condi-
tions for optimality in the form of the pointwise
and integrated principles of maximum are re-
ceived, sufficient conditions of Frechet differenti-
ability of the performance criterion and expres-
sion for its gradient were determined.

2. Problem statement

Let’s consider the propagation of one-
dimensional waves in a string described by the
wave equation

U, =a%u, +3 P, OS5, (1), (x1) e, (1)

with initial and boundary conditions

MOBRUZSLOR =—<ap—

u, 0,t)=0, u,(,t)=0, 0<t<T, (2)

u(x,0) = ¢, (x), U (x0)=p,(x), 0=<x<I, (3)

where Q={0<x<I,0<t<T}; a,I,T >0 are the
given numbers; &() is the Dirac function;
o (X)eL,(0,1),i=12, are the given functions;
s () €[0.115 p(t) = (P, (1), P, ®)..... P, (1)) e LO.T;R") ,
s(t) = (s,(t),s,(t),...,s,(t)) e L,(O,T;R") are the
control functions.

The pair of functions 3= (p(t),s(t)) is

called the control. The Hilbertian space of the
pairs 3= (p(t),s(t)) with the scalar product

<99 >, = ].[pl(t) p?(t) +s'(t)s?(t)]dt

and the norm |9, = /(< 8,9>.) = [pl; +[s[; -
where % =(p“,s¥),k=12, is denoted for
brevity by H =L,(0,T;R")xL,(0,T;R").

In the space H , we introduce a set of
permissible controls

V={(ps)eH:0<p(t) <A,
0<s () <B <li=1n}
and consider the functional

(4)
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J(I) = al,lf[u(X,T) — V(P dx+

0

+ aZj‘[ut (x,T) - yz(X)]de +
+§ﬂﬁjm&0—maﬁm+

+4,[Is. 05, (t)]Zdt}, (5)

where o,a, 20,8, +a, >0, ,5,>0 are the
given parameters; A >0,B >0,i=1n, are the
given numbers; y;(x) e L,(0,1),i=12,

w=(p@t),st)eH , Pt)=(Pt), P, (1)..... P, (1)),
s(t) =(5,(t),5,(t),...,5,(t)) are the given func-
tions.

It is required to find a permissible control
3= (p(t),s(t)) from the set V and the appro-
priate solution u(x,t) mixed problem (1)-(3)
such that functional (5) accepts the last possible
value.

Below everywhere the conditions accep-
ted in this item are considered as the fulfilled.

3. Correctness of problem statement

Determination of the function
u(x,t) =u(x,t;9) from conditions (1)-(3)
under the given control $eV is called the re-
duced problem.

Definition 3.1. Under the generalized so-
lution of the reduced problem (1)-(3) corre-
sponding to the control 9= (p(t),s(t)) eV we

understand the function u=u(x,t) e H}(Q), sat-
isfying the integral identity

O ey —
O ey —

|
[ u, +a%u,z, Jixdt = o, () (x,0)dx +
0

=3[ pOn(s 0.0, ©)

k=10

vn=n(xt)e H(Q) and n(x,T)=0.

It follows from the results established in
[10-11] that for each fixed $e€V the reduced
problem (1)-(3) has a unique solution from

H'(Q). Let conditions accepted in the formula-

tion of the problem be satisfied. Then, problem
(1)-(5) has at least one solution. It should be

noted that for S, =0, j =12, problem (1)-(5) is
incorrect in the classical sense [12]. However,
the following theorem is valid.

Theorem 3.1. There exists a dense subset
K of the space H such that problem (1)-(5) has
a unique solution for any weK under

a, >0, >0,i=12.

At the proof of the theorem it is used the
continuity of the functional

3o(8) = a6 [[u(x.T) — y, (9T +
e [ T) -y, (9l

Further from Bido's [13] theorem, the
statement of the theorem follows.
4. Necessary optimality conditions

Let’s w=w(xt)e H?*(Q) be the gene-
ralized solution of the problem conjugate to (1)-(3):

Yw = a2l//xx’ (X1t) = Qv (7)
v, (0,)=0, v, (1,1)=0, 0<t<T, (8)

w(X,T)=20c,[u,(X,T) - y,(x)], 0<x<I,
v (6 T) = 205 [u(x,T) ~ y,(x)], 0<x<1. (9)

Definition 4.1. Under the generalized so-
lution of the problem (7)-(9) corresponding to
the control 3= (p(t),s(t)) €V we understand

the function w =w(x,t)e H*(Q) , satisfying
the integral identity
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(CIDtt - aZCDXX)//dxdt =

[ S——
O L, —

20, (U(X,T) = y,(x) ) (x, T)dx +

+ 20, (U, (x T) = Y, ()@ (x, T)dx,  (10)
VO =d(x,t) e H?(Q) and ®(x,0) =, (x,0)=0.
The conjugate problem (7)-(9) is a mixed
problem for the linear parabolic equation. If in
(7)-(9) we take instead of t the new independent
variable 7 =T —t, then we get a boundary prob-
lem of the same type as (1)-(3). It follows, there-
fore, from the facts established for problem (1)-
(3) that for each 9= (p(t),s(t)) €V problem (1)-

(3) has a unique solution from H?(Q).
The function

HL.8) =Yl (6.0.0p.0+

(11)
+ A0~ B.0OF + 46,0 - 50
is called the Hamilton-Pontryagin function of
problem (1)-(5). The following theorem is valid.
Theorem 4.1. If y(xt)eH*(Q) is the
solution of the boundary value problem (7)-(9),
functional (5) is Frechet-differentiable on the
set V , and the following relation is valid for its
gradient:

0[P A@)_(#H H
J(g)_( op | s J_ (ap’asj’ (12)

where

oH _(aH oH 6H] oH _(aH oH 8H]

&y (5. 0.0-26(p 0 Pul0),

Pk

o (50002050 -5 O k=In
k

This theorem is proved by transformation
of the increment of functional and estimation of
the residual term of this increment.

For the conjugated problem takes place

Theorem 4.2. Let the functions

u (x,t)and v (x,t), respectively, are solutions
of problems (1)-(3) and (7)-(9) for
9=9 =(p*(t),s*(t)) eV . Then for the con-
trol 9 eV to be optimal, the condition

H(ty ,9)= max H ty',9), V(x,t) eQ, (13)
must be satisfied.

In virtue of the well-known theorem [14,
p. 28] for optimality of the control

9 =(p’(t),s"(t)) eV, it is necessary to satisfy
the inequality

<J'(9),8-9 >,>0,VIeV. (14)

Using expression (12) of the gradient of
the functional, we calculate the gradient of the
functional (5) and substitute it in (14), and re-
ceive

<J(F),9-9 >, =

> .0 +28(00 - 5.0k

<(p, (- pr )+
i 0P+ 28,650 -5 1)
<(s, 0 -s.0)dt =0, ¥8=(p@),s) v, (15)

where " (x,t) is the solution of problem (7)-
(9) for =9 =(p (t),s (X)) eV .
As a result the following theorem is proved

Theorem 4.3. Let all conditions of Theo-
rem 4.2 be satisfied. Then for the control

9 =(p’(t),s"(t)) eV to be optimal, the condi-
tion (15) for all 3= (p(t),s(t)) eV must be

satisfied.

The author expresses profound gratitude to
the corresponding member of NAS of Azerbaijan,
doctor of phis.-mat.s., professor B.T.Bilalov for his
attention to the work.

MORUZSLOSR =—<4»=— REPORTS =—<«p»— [OKJIAJbI



20 THE REPORTS OF NATIONAL ACADEMY OF SCIENCES OF AZERBAIJAN, 2015, VOLUME LXXI, Nel

This paper is performed with financial
support of a grant of Science Foundation of the
State Oil Company of the Azerbaijan Republic
(SOCAR) for 2014.

REFERENCES

1. Butkovskiy A.G. Methods of control systems with the
distributed parameters. —M.: Nauka, 1975.

2. Butkovskiy A.G., Pustyl’nikov L.M. Theory of moving
control of distributed parameter systems. — M.: Nauka, 1980.
-384p.

3. Znamenskaya L.N. Control of elastic fluctuations.
—M.: Fizmatlit, 2004.

4. Komkov V. Theory of optimal control of damping of
vibrations of simple elastic systems. —M.: Mir, 1975.

5. Lions J.L. Optimal control of the systems described by
the partial differential equations. —M.:Mir, 1972.

6. Teymurov R. A. The problem of optimal control of
moving sources for heat equation // News of higher edu-
cational institutions. The region of North Caucasus.
Natural sciences. 2012, Ne 4, p. 17-20.

7. Teymurov R.A. About a problem of optimal control of

moving sources for systems with the distributed parameters
/I Vestnik of Tomsk State University. Mathematics and
Mechanics, 2013, Ne 1(21), p.24-33.

8. Teymurov R.A. The problem of optimal control of mov-
ing sources for singular heat equation // Caspian Journal of
Applied Mathematics, Ecology and Economics, 2013, vol. 1,
Ne 1, p.104-113.

9. Teymurov R.A. On a problem of optimal control of
mobile sources //Automation and Remote Control.
July 2013, volume 74, Issue 7, p.1082-1096.

10. Ladyzhenskaya O. A., Solonnikov VA., Uraltseva N. N.
Linear and quasilinear equations of parabolic type.
—M.:Nauka, 1976.

11. Ladyzhenskaya O. A. Boundary value problems of
mathematical physics. M.: Nauka, 1973.

12. Tikhonov A.N., Arsenin V.Ya. Methods for solution of
ill-posed problems. — M.: Nauka, 1984.

13. Goebel M. On existence of optimal control //Math.
Nuchr., 1979, vol.93, p.67-73.

14. Vasilyev F.P. Methods for solution of extremal
problems. M. Nauka, 1981.

Institute of Mathematics and Mechanics of ANAS
rafigt@mail.ru,rafigrt@yahoo.com

DALGA TONLIiYi UCUN MONBOLORIN HOROKOTININ iDARO EDILMOSI

R.A. Teymurov

Moagalado vaziyyati dalga tonliyi ila tasvir olunan proseslorda horokat edon monbolarin optimal idars edilmasi
masalasinin variasiya tsulu ilo hallina baxilmigdir. Burada optimal idaraetma masalasinin hsllinin varligi ve yeganaliyi
isbat edilmis, optimalliq tiglin noqtavi Vo maksimum prinsipi soklinds zoruri sort alinmis, moagsad funksionalinin Frese
monada diferensiallanan olmast {igiin kafi sort vo onun qradiyenti {igiin ifads tapilmigdir.

Acar sézlar: harakat edan manboalar, inteqral eyniliyi, Hamilton—Pontryagin funksiyasi, optimallq iiciin zaruri

sartlor, maksimum prinsipi

YIPABJIEHUE JIBUW)KEHUEM HCTOYHUKOB /UIsSI BOJTHOBOI'O YPABHEHMUS

P.A.Teiimypos

B pabote nccnemyercs 3agada ONTUMAIBFHOTO YIIPABICHUS ABIKCHHEM HCTOYHHKOB ISl KOJIeOAaTeIbHOM crucTe-
MBI, COCTOSIHUE KOTOPBIX OIMCHIBAIOTCS BOJHOBBIM ypaBHeHHEM. [ paccMOTpEeHHOW HIDKE 3a/1a4dl ONTHMAIIbHOTO
yIpaBJIeHUs JI0Ka3aHa TeopeMa CYIECTBOBaHHS U eIMHCTBEHHOCTH PELICHHsI, HalJIeHbI JOCTATOUHBIE YCIIOBUs Audde-
peHnupyemMocTr o dperre KPUTEPHs Ka9eCTBA M TOIYYIE€HO BBIPAXSHHE IS €r0 IPaJNeHTa, TOTyYeHBl He0OXO0IUMBIE
YCIIOBHS ONITUMAJIEHOCTH B BUJIE TOUYEUHOTO M WHTETPaJIbHOTO NMPUHLUIIOB MAaKCUMyMa.

Kniouesvie crosa: noosusichvle UCMOYHUKU, URmMe2palbHOoe moofcc)ecmeo, d)yHKlﬂl}Z FamuﬂmeHa-HOHmpﬂeuHa,
HeobxoouMmble yciosus onmumailbHocmu, npUHYUn MaxKCumyma
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