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OPTIMAL CONTROL SYSTEM OSCILLATIONS
WITH ADDITIONAL RESTRICTIONS

A.J.Mamedov, B.M.Yusifov, H.H.Alieva
(Presented by Academician of NAS of Azerbaijan F.A.Aliev)

The paper considers the problem of reducing the system from the zero initial state to a given
final state in the shortest possible time, with additional restrictions
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Let controlled system described by the
equation

’y(x,t) _,d%y(x1)
8t2 =a 8X2 + f (X) U(t) (1)

with the following initial and boundary con-
ditions

y(x,0)=0, y,(x0)=0 )
y(0,1)=0, y(,1)=0, (3)

where | - the length of the rod f (x) valid given

0
function defined on [0, 7], f(x)=0, f(x)eW;(0,1),
u(t) e L,(0,t) - control actions.

Introduce additional constraints of the form:

- [{1](242] -

ot
+ yz(x,t)}dxjtuz(t)}dt <L?, (4)

where y(x,t)— generalized solution of (1) — (3)
corresponding to the control u(t).

Consider the problem: Among all the
controls, satisfying the condition (4), find the
one that takes the system (1), (3) from a given
initial state (2) to a predetermined final state

yx,T)=p(Xx), Y (XxT)=9(x) (5)

for possible minimum time T .

Here, p(x)eW,(0,1) and g(x) specified
functions of L2 (0,I).

Using the method of Fourier solution of
the problem (1) - (3) for each fixed control
u(t) e L,(0,t) can be written as:

y(x,T) = 2aT17z£ f u(z)sin ar;—”(t —7)dzsin ”I—”x (6)

2 ¢t . nrx
where f_ =Tj0 f(x)sml—xdx.
Using (6), as well as representation
- t . Nnr
p) =Y, p".[o fnu(r)sme :
z=I

2t . nhrx
P, :TJ.O p(x)smedx

g(x) =ignsinn|—7[x
7=l

2 ¢t . hr
9, == ], 900sin " x

and orthogonal system of functions {sinnfx}

for [0, /] after some transformations:

1 T . anrx . Nz = . Nz
—f | u(z)sin——(T —7)drsin—x= sin—x
> J, u(@sin =T —o)desin = 2. Posin

==l

ifnﬂu(r)cosm;—”(T—r)drsin?x:ignsinnl—ﬂx (7)
7=l =l
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Now we show that the solution of the
problem (1) - (3), (4), (5) can be reduced «L -
the problem of moments” in the subspace

LOT).
Let f(x)eC'0,¢]. Given the formula

(6), orthogonal system {sinnl—”x} in [0,]

functionality E(u) can be written as:

EW= )| [HELHUOIO +u@ |u@ds  ®)

where
Z(u 22 ij [T - g)cosanl(t o)+

anz

+2cos—(T f)sm—(T SHIt<s,
H(t,$) =

Z( a’n? z)f [(T- t)COS—(f t)+

anrz

+ ZCOS—(T §)sm—(l’

t>¢.

Now, in the space L,(0,T) introduce the
scalar product of the elements as follows:

<A0.70> [[| [ HE.O 00+

729 | 72(&) 8 ©
Let h, ()= f coso "¢,

amrz I
h,. ()= f_sin a”I‘”t

anz

7/2m—l(T):am(T)’ yZm(T) :ﬂm(T)y m:l, 2

Then the system of equations (7) takes
the following form:

.
[ R®Oud®) =), k=12.. (10)
Next define the functions p, (t) as the so-

lution of the auxiliary system of integral equa-
tions

[HE5 PO d®+p, () =h (&),
k=12... (11)

Now, using (11) the system of equations
(10) written in the form:

L] [H€8 p0d0+ (@ u@ de =M
k=12... (12)

So the solution to problem (1), (2), (3),
(4) and (5) for any pair of (p,g) e K is equiva-
lent to the following problem: find a function
u(t) eL,(0,T) and also the minimum time T

that for any k the following conditions:

L [He8 p@d0+ a0 |u@ de=5m
k=12... (13)

.[oT U;H (t,&) u(t)d(t) + U(§)} u@)dt<L? (14)

Obviously, this task for any k is L - the
moment problem in the space of L,(0,T), with

the scalar product defined by the formula (9).
We have the following:
Theorem 1. In order to L,(0,T) in the

space with the scalar product (10) there exists a
function u(t) from the norm not exceeding a

positive number L and points sequence
{r.(T)} is necessary and sufficient that for all

finite sets of numbers &, &,,...<,,, inequality

{me} <i?f {Zék«:h (t)pn(t)}u(ﬁ)df (15)

k,n=1

Let
Qy(M) =] h, (e, M)et

Suppose
Q,(T) = X [°Qy(M) = 7 (My; (M,

K.j=1

Then inequality (15) takes the form:
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Qy(T)=0 (16)
Obviously, Q,(T) is a quadratic form in
the variables &, &,,...&,, . Therefore, the con-

dition (17) can be regarded as a condition of
non-negativity of the quadratic form Q,(T). As

is known [4], for non-negative quadratic form
necessary and sufficient that all the principal
minors A ; ; (T) it was non-negative matrix,

that is,

iy ailiz e 18
Iy, 8, A, .. a;
Aimiz,»--,i)(T)E ... (T): 21 2l2 4 1> 0
! Iy g R
; @ e A

Define the setof J, ; ; and J, follows:

‘Jil,iz ..... i ={T‘A1,i2 ..... i >0}
J, = N

1<iy<ip <..<ip<2m

Clear thatJ, , < J,,.

It is easy to prove the following theorem.

Theorem 2. a) If, for any set of n J, is

not empty, then the problem (1) - (3), (4), (5)
has a solution with the minimum amount of

time T° equal T® =lim___T,, where T, =inf J, .

n—w 'n¥

b) If for some set of n J, empty, then
the problem (1) - (3), (4), (5) has no solution.
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SISTEMIN ROQSININ OLAVO MOHDUDIYYOTLI ON TEZ OPTIiMAL
IDAROETMO MOSOLOSI

9.C.Mammoadov, B.M.Yusifov, H.H.Oliyeva

Mogqalads rags edon sistemi alave mohdudiyyst daxilinds verilmis baslangic voziyystdon son voziyyots on tez
gotiron optimal idaraedicinin varligi vo yegansliyi isbat olunur.

Acar sozlar: optimal idaraedici, funksional, { - moment problemi

ONTHUMAJBHOE IO BICTPOJENCTBUIO YIIPABJIEHUE KOJIEBAHUS CUCTEMBI
C JONNOJIHUTEJBHBIMHU OT'PAHUYEHUAMU

A l.MamenoB, b.M.FOcugos, X.I'.AsnneBa

B pa60Te paccMOTpEHa 3aga4a O MPUBCACHUU CUCTEMbI U3 HYJIEBOI'O HAYAJIbHOT'O COCTOSAHMS B 3aJaHHOEC KOHCY-
HOC€ COCTOAHHEC 3a HAMMCHLBIIIEC BpEMs, IMPU JONOJIHUTCIIbHBIX OTPAHUYCHUAX. I[0Ka3aHa TCOpEMa O CYLIECTBOBAHNU U

CIAUHCTBCHHOCTH.

Kniouegvie cnosa: onmumanvnoe ynpaenenue, ynxyuonan, ! - npoénema momenmos
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