10 THE REPORTS OF NATIONAL ACADEMY OF SCIENCES OF AZERBAIJAN, 2015, VOLUME LXXI, Nel

UDC 519.2 Mathematics

GAUSSIAN SEMI-MARKOVIAN RANDOM WALK
WITH A SMALL DRIFT AND WITH DELAY ON LEVEL ZERO

R.T. Aliyev?, H.A Jafaroval3
(Presented by Academician of NAS of Azerbaijan J.E.Allahverdiyev)

In this paper the Gaussian semi-Markovian random walk process with discrete interferance of
chance, assuming that the discrete interferance of chance described by sequence of independent

random variables with gamma distribution with parameters (a,/i), a>1,1>0 are investigated.

Asymptotic formulas with the approximate coefficients of the first four moments of the process are
obtained.

Keywords: Gaussian random walk, ergodic distribution, asymptotic expansion, ladder variables

Introduction

Let {& }, {,} and {6 }, n=1- be three
independent sequences of random variables de-
fined on some probability space (Q,3J,P),

such that variables in each sequence are inde-
pendent and identically distributed. Assume
that random variables £ and 6, take only posi-

tive values and 7, has normal distribution with
parameters (b,1).

Also introduce a sequence of independent
random variables {¢ }, n>1, which describes

the discrete interference of chance. Assume that
the random variables ¢ have a gamma distri-

bution with parameters (&, 1), a>11>0.

Define renewal process {T,} and random
walk {S, }:

T,=>&,S,=>n,T,=5=0,n=12...
i=1 i=1
Introduce also e a sequence of integer
random variables N, :
N, =0;N, =N(z) =inf {k >1:2-S, <0},
N, =N, (&,)=inf{k=N, , +1:¢, (S, -8, ) <0} ,
n=12,...
Assume that inf{{J} = +.

Introduce also following random variables:
70=0, =Ty, 7,=7,+6,,
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Th :7/n—1+TNn _Tanl’ Va=7T, +l9n , h=12,..

Define so called counting process
v(t)=max{n>0: T, <t},

which means the number of jumps of the pro-
cess X(t)on the interval [0,t].

Now write an analytical form of the ran-
dom process X (t):

X (t) = max{0,¢, = (S, — Sy, )}
at y, <t<y,,, n=012,...

Our purpose is to obtain an asymptotic
expansion for the four moments of the ergodic
distribution of process X (t). Note, this prob-

lem for a particular case, is consider in [3].

2. Main results
As seen from the analytical form of the

process X(t), one of its components is a
random walk
S, =0, S, =Zni,n >1,
i=1
where {r7,},n >1 is a sequences of independent
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and identically distributed random variables.
Assume v, =min{k >1:S, >0}, z = S,

Note that the random variables v and y," are
called, respectively, the first ladder epoch mo-
ment and the first ladder height of the random
walk {S.}, n>1, (see[4, 391]).

Lets {v/} and {y:}, n>1, independ-
ent sequence of positive random variables, and
the variables of each in a sequence of inde-
pendent and identically distributed as v and

Zf , accordingly. By definition

vt =min{k21: Sw >;(;};

m+1 =k

+ V;Hl
Zm+1:S N :ans m=112|

m+1 i=1

Applying the method to use [1] obtained
the following asymptotic expansions for the
first four moments of the ergodic distribution
process X(t) at 2 —0:

Theorem 2.1. Lets {£}, {n,}. {<,}
and {6 }, n>1 are independent sequence of

random variables and within each sequence of
random variables are independent and identical
distributed. Let satisfied the following condi-
tions:

1)E& <w; 2)Ef <oo; 3) Elpf" <oo;
4) random variables ¢ has gamma distribu-
tion with parameters (o, 1), @ >1,1>0. Then

the following asymptotic expansions for the
first four moments of the ergodic distribution
process X(t), at A — 0 is true:

(07 1 (o798
E(XK)= 0+ |2k,
(x) (k+1) 2 2 4

R
2k +2)x

(gt + Kml):|;_1+0£la-_l J; (2.1)
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where a; =(a+1)(a+2)---(a+k), k=14

m, Hy . +\K
My =—"tha=—3 4 =Elx ),
n " (%)

K = E@,/E¢, - delay coefficient.

From the asymptotic expansions (2.1)
obtained for ergodic moments of the process X (t)
can be seen that the coefficients of these
expansions contain parameters ,, - g(,'), k=12,
which are the first moments of the ladder height of
a random walk {S,}, n>0. In the general case it
is impossible to determine the parameters
u =E(r), k=12, even if you set the
distribution of the components {r.}, n>1 of a
randomwalk {S.}, n>0.

In what follows we will designate ., (0)
and g, (b), accordingly, the moment of k order

of the first ladder height when the mathematical
expectation of a random walk components
{n.},n>1 isequaltozeroand b.

Our purpose is to obtain the asymptotic
expansion for moments of ladder heights
Gaussian random walk with a small drift, ie,
when b — 0.

For this purpose, we will use the next
lemma from [3].

Lemma 2.1. For the characteristics
U ,,(b) of a Gaussian random walk following

holds expansionat b —0:

b)
L, (D) = #( = 1,,(0) +
fp, (D) () 1 (0)
+%(4u31(0) ~3:2(0))b+o(b), (2.7)
P2 L
h = + = — = . ==
where 4, (0) = E(z') =~ #,(0) = E(x") -

2

#:(0) =E(r”) =" = (7 +2L),
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L =lim {2\/_ Z }(see[Z]).

n—oo

Now, using Lemma 2.1, we can write the
approximate formulas for the coefficients of the
asymptotic expansion (2.1) for moments of
ergodic distribution of process X (t) in the case

S, :Zni, n>1 where a Gaussian random
i=1

walks with a small drift, ie, when b = Ezn, — 0:
Lemma 2.2. Let the conditions of Theo-

rem 2.1, and 7, has a normal distribution with

the parameters (b, 1), b > 0. Then we have the

following approximate formula for the coeffi-
cients of the asymptotic expansions of Theorem
2.1lat b—0:

A () = oty = (0) 5 -
(2k + 2)ax
Gy 1 , Y
_(T+g(4y31(0)—3,u21(0)+ K)thH—
+o(b), k=14

Proof. In case of normal distribution with
1

2_b .
Taking into account as well (2.7) for the coeffi-
cients of the asymptotic expansion (2.1) we have:

parameters (b,1) m =b and m, =—+

Ada,b) = 8 m,, -, (b) + Km) =
' 2 % (2k+2a
b 1
= (E + %j A — (ﬂm ©0)+~ (4/“31 0) -
_3/,l21(0) + K)b + O(b)jm
1 P A1
= — 1, (0 -
20 n ~Ha O [ 2
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+ (44, (0) 312 (0) + K ) ——
6( #43,(0) =314, (0) )(2k+2)0£

Lemma 2.2 is proved. [

The following theorem holds:

Theorem 2.2. Let the conditions of Theo-
rem 2.1. Also, assume that 7, have normal dis-

tribution with parameters (b,1) .

Then, when 4 — 0 we have the following
asymptotic expansions with approximate coeffi-
cients for the first and second moments of the
ergodic distribution of Gaussian semi-Markov
walks with a small drift:

Ky % l 1
E(X")= (k+ 1)/1k +Ade [;Lk-lj’

where A (a,b), k =14 defined from Lemma
2.2.

jb+o(b).

Proof. The statement of the theorem follows
immediately from Theorem 2.1 with Lemma 2.2.

This Theorem 2.2 is proved.

The authors would like to express their
thanks to Prof. T.A.Khaniyev for useful discus-
sions and valuable advice.
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KiCiK MEYILLi VO SIFIR SOViYYOSINDO GECIKMOYO MALIK QAUSS
SEMIi-MARKOV DOLASMA PROSESI

R.T. 9liyev, H.0.Coafarova

Toaqdim olunan magalada (Ol, ﬂ,) , a>1,1>0 parametrli qamma paylanmaya malik diskret miidaxilsli kigik

meyilli Qauss semi-Markov dolagsma prosesi tadqiq olunmusdur. Prosesin ilk dord erqodik momentloari tigiin tagribi
omsalli asimptotik ayriliglar alds edilmisdir.

Agar sozlar: Qauss tasadiifi dolagmasi, erqodik paylanma, asimptotik ayrilis, pillavart kamiyyatlor
TI'AYCCOBCKOE ITOJYMAPKOBCKOE BJNYXJIAHUE C MAJIBIM
CHOCOM U C 3AJIEP2KKOM HA YPOBHE HY.JIb
P.T. Anues, X.A./I:xadapoBa

B )IaHHOﬁ pa60Te uccienyeTrcsa Fa}ICCOBCKOC MOJIYMapKOBCKOC 6J'Iy)KﬂaHI/Ie C JUCKPCTHBIM BMEIIATEIHCBOM
Clly4das, B NPCAINOJOKECHUHU, YTO AUCKPETHOC BMCHIATCIILCTBO OIMMCBIBACTCA IMOCICAOBATCIBHOCTBIO HE3aBHUCUMBIX

CIlyJalHBIX BEIMYHMH C raMMa-paclpesieieHHeM C IapaMmeTpam, ((X ,ﬂ), a>11>0. TonyueHbl acCHMITOTHYECKHE

(bopMyIIBl ¢ MPUOIMKEHHBIMHA KO GHUIMEHTAMH JUIS TIEPBBIX YETHIPEX MOMEHTOB IpOIlecca.

Knrouesvle cnosa: cayccosckoe ciyuaiinoe onyacoanue, sp2oouteckoe pacnpeoenenue, dCUMIMOmMuYecKoe pas-
Jl0JHCenUe, TeCMHUYHbIe BeIUYUHbL
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