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Mathematics

ON NECESSARY OPTIMALITY CONDITIONS IN DISCRETE SYSTEMS

M.J. Mardanov, S.T. Malik
(Presented by Academician of NAS of Azerbaijan A.Dj. Gadjiev)

In the paper, a rather necessary optimality condition is obtained and is shown that in some
special cases, this condition contains known and also a new necessary optimality condition.
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Introduction

A.G. Butkovskii [1] first showed that un-
like the continuous case, direct transference of
L.S. Pontryagin's maximum principle to dis-
crete systems in general case is impossible.
Naturally, such characteristics of these systems
is of theoretical interest for researchers. In this
connection, a number of researchers [2,3,4 and
others], by imposing additional conditions on
the data of the problem under consideration (for
example, condition of convexity of the set of
permissible velocities of the system, convexity
in direction, etc.) established that subject to
these conditions the maximum principle is valid
for discrete optimal systems. After appearance
of the paper[1], many researchers tried to prove
the maximum principle in the weakened form
(local maximum, stationarity) and to obtain
higher order optimality condition. In spite of the
fact that many important results have been ob-
tained in the problems of optimization of discrete
systems [2-14 and so on] the issue of necessary
optimality conditions is for from being complet-
ed. This, in first turn, concerns the generality of
initial data of the problem under consideration.
Therefore, there is a necessity for thorough study
of optimization of discrete control problems.

In the present paper, we consider a dis-
crete optimization problem with rather general
initial data (without assumptions as convexity
and smoothness), and taking into account the
characteristics of the discrete system, obtain a
necessary optimality condition that is not for-
mulated by the Hamilton-Pontryagin function.
It should be noted that this optimality condition
is characterized by three peculiarities: 1) it al-
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lows to replace the many-dimensional optimi-
zation problem by a sequence of problems of
less dimension, i.e. the problem under consid-
eration for each discrete time is reduced to min-
imization of the function of I variables, where
I is the size of the control vector; 2) by con-
sidering some particular optimization problems
(including the problems with quadratic and
nonsmooth test functionals) it is proved that
this condition contains the known and also new
effective optimality conditions; 3) this condi-
tion has a wide scope, is stronger than the dis-
crete maximum principle, linearized principle
of maximum, Euler-type optimality condition
and local optimality conditions formulated by
different types of star vicinities and therefore it
is very useful when applying the contraction of
the controls set suspicious on optimality that
are distinguished by more constructive local
conditions.

Problem statement

Assume that it is required to minimize the
functional

S(u) = d(x(t,)) (1)

on the solutions of the discrete system
x(t+1)= f(x(t)u)t)teT,x(t,)=x", ()
at the constraint
ut)eU(t), teT. ()

Here x=(x,..,X,) is the state vector

((prime) is the transposition operation),

u=(u,...,u, ) is a control function, t is a time
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(discrete), x~ is the given vector,
T ={t,,t, +1...t, ~1}; U(t), teT is the set of
r - dimensional Euclidean  space
E";®(x), xe E", f(x,u,t), (x,u,t)e E"xE" x[t,,t,]
are continuous functions. We call the control
u(t),teT responding to constraint (3), per-
missible; the permissible control u(t),teT and
the solution x(t),teT u{tl} of system (2), cor-

responding to it, for which functional (1) ac-
cepts the least value, call optimal. Herewith

each pair (u(t), x(t))is called an optimal process.
Optimality conditions
Let X°(t),t € T W t, } be the solution of
system (2), corresponding to the permissible
control u°(t),t T. Following [15], we intro-
duce the set:

Ube] ©)- 32U 6): 1) a.0)-
= f(x°(t)u(t)t), teT. (4)
Theorem. Let u°(t),teT be a per-

missible control, x°(t), t T be the solution of

system (2) corresponding to it. Then:
a) for the optimality of the control

u’(t),teT, it is necessary that for each
at) eU[x°()] () teT forall

a=(6,v)eT\{t, -1}xU(6)

o, =0,v)elf,0,..nTxU(g,) the follo-
wing inequality to be fulfilled:

(x°(t,)+ 2(t,;0,%°, @, ¢ )~ D(X°(t,) 20,  (5)

b) if: 1) in addition to assumptions of
point 1, the set T consists of at most two points
(T = {t,,t, +1}t, =t, +2) and 2) along even if
one control G(t)eU [XO(-)] (t)teT, for
example along the control u°(t)t e T inequality
(5) is fulfilled for all o =(t,,v),v eU(t,),
a, =(t, +1Lv), v €U(t, +1), then the control
u°(t), t e T is optimal.

Here the sets U[xo(-)] (t)teT are deter-
mined according to (4), and z(t;u,xo,a,ak) is
the solution of the following system corres-
ponding to the process: (u(t), x°(t)):

2(t+3u°, X%, @,y )=
= £ (x°(0)+ 2(t;u®, X°, @, &, hu° (), 1)
— £ (x°(t) u(t) t)

te{f .y, OprfO T,
z(9k+1;u°,x°,a,ak)=
= £(x°(0,)+ 2(6,;u°, X, @), 7,6, ) -
- 10(0,)0°(0,)0)

ecmu t=6 €T,
z(t+1;u°,x°,a):
= £ (x°(t)+ z{t;u®, x°, @ U (t) t)-
— £ (x°(t) u(t) t)

te{d,6,....0,)NT,
2(0;u° %%, )= A, £(x°(0),u°(6).0). 0 T, (6)

a=(0,v)eTxU@)a, =
= (ek’v)e {91"92,-..}(\-]- X
<U(6,),6, =0+k,k=12,.

where

It should be noted that this theorem, as a
special case, contains a number of known and
also new effective optimality conditions. Cite
some of them.

Corollary 1. Let in problem (1)-(3): 1) the
vector-function f(x,u,t) be linear with respect to
x, ie  f(xut)=A{ut)x+b(ut) where
A(u,t) is a matrix function of order nx n,b(u,t)
is N -dimensional vector-function and 2) the test
functional has the form:
®=c'x+x'Dx, xeE", where C is N -dimen-
sional vector, a D is a matrix of order nxn. Then
for the optimality of the process u°(t)teT it is

necessary that for each G(t)eU[x°()] (t)teT
and for all (6,1)eT xU () the following inequal-
ity to be fulfilled
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A H((0),x°(6),u°(6),6)+
+A, () u’(0),0)¥(0)a, f(x°(0)u°(0),0)<0, (7)

where

Ul ()]t)=1{a cu 1) : A" (t)+b(a,t)=
= Al ®)+ bl t)hteT;,  (8)

d° =c+(D+DN°(L). A, f(x(0)u°().6)
0) 0

+A,A[L°(0), OX°(0)+A,b(u°(0), 0)
H(p x.u,t)=y" f(x,u,t)=
=y'[A (u,t)x+b(u,t)] 9)

p(t-1)= AQAM.)y(t) teT, vlt -1)=—-d°, (10)

P(t-1)= A'(A) ) PE)AGR)L) teT,
¥t —1):—%(D+D') (11)

Corollary 2. Let in problem (1)-(3)
f(x,u,t)=Au,t)x+b(u,t), d(x)=c'x+|d"x,
where A(u,t) is a matrix function of order
nxn, b(u,t) is n -dimensional vector-

function, ¢ and d are n- dimensional vectors.
Then for the optimality of the admissible pro-

cess (u°(t), x°(t)) it is necessary that for each

a(t)eU[x°()] @) teT and for all 9T, veU(0)
the following mequallty to be fulfilled

‘d'x0 t )1+AVH(AC( ) x°(0),u°(0),0)<

<|d'x°(t)- A, H (7 (0) x°(0)u°(0).6),  (12)

where the sets U[x ] (t) t €T are determined
according to (8), while H(l//, x,u,t) according
to (9), 1, (t), 174 (t)are the solutions of system

Conclusion

It should be noted that the necessary op-
timality condition (5) is rather general and has a
wider scope than the earlier known necessary
optimality conditions [1,4,6-9, etc.]. We also
note that the optimality condition of type (7),
for G(t)=u’(t), t T was obtained by another
way in [8], while the optimality condition (12),
as far as we know, has no analogue.
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DiSKRET SISTEMLORD®O OPTIMALLIGIN ZORURI SORTLORI HAQQINDA
M.C. Mardanov, S.T. Malik

Mogalodo diskret sistemlords tosvir olunan idaroetmo mosalolori iigiin optimalligin daha imumi zoruri gorti
alinmisdir. Homginin bu zoruri sortdon malum optimalliq sortinin va yeni optimalliq sortinin alinmasi gostorilmisdir.

Acar sozlar: diskret sistemlor, diskret maksimum prinsipi, miimkiin proses
O HEOBXOJUMBIX YCJOBUSX OIITUMAJIBHOCTHU B JUCKPETHBIX CUCTEMAX
M. Ix. Mapaanos, C. T. Maauk

B pa60Te MOJIY4YCHO AOBOJIBHO 06H1ee HeO6XOI[I/IMOe YCJIOBUE ONTUMAJIBHOCTU U MMOKA3aHO, YTO 3TO YCJIOBHUC, B
HEKOTOPBIX YaCTHBIX ClIy4dasaX, COACPIKUT U3BECTHBIC, a TAKIKEC HOBOC HeO6XOILI/IMOC YCI0BUC ONITUMAJIBHOCTH.

Knrouegvie cnosa: ouckpemuuie cucmemvl, OUCKPEMHbIL RPUHYUN MAKCUMYMA, OONYCIMUMBLLL NPoYecc
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