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ASYMPTOTICAL METHOD FOR DETERMINING THE FRACTIONAL ORDER IN
OSCILLATORY SYSTEMS BY MOVING MASS COORDINATES

N.S.Hajiyeval, I.V.AliyevaZ, Academician of ANAS F.A.Aliev'3

Note that in an oscillatory system, when the mass of oil lifted by the plunger is sufficiently lar-
ge, an asymptotical method is introduced to solve the given problem, taking the inverse of the mass
as a small parameter. At this time, the motion of the object is reduced to the Volterra integral equa-
tion of the second kind with respect to the displacement of mass coordinates. Based on statistical
data, a quadratic functional is constructed. Using the least squares method for determining the
fractional order an effective algorithm is proposed and the table with certain fractional orders is
presented in the example. The result of the computational algorithm shows that the first variation of the
quadratic functional with respect to the fractional order is equal to zero with an accuracy of 107°. This
fractional order is the most effective order. The obtained fractional order satisfies the first variation

of the quadratic functional with an accuracy of 1075

Keywords: oscillatory system, fractional order differential equation, Volterra integral equati-

on, the least squares method

1. Introduction

It is known that the motion of classical
oscillatory systems is described in the simplest
case by second-order linear differential equati-
ons with constant coefficients. It is known that
in recent years, the most widespread method
of operation of oil wells [5-7, 9] is the method
of operation with rod pumping units. Accor-
ding to recent studies, since the plunger moves
inside a Newtonian fluid [1], the motion of the
oscillatory system is described by fractional-
order second-order differential equations with
constant coefficients [2-4].

In the current paper, the oscillatory sys-
tem with liquid dampers is consider, where the
mass of oil lifted by the plunger is sufficiently
large. In this case an asymptotical method is
introduced to solve this problem, taking the in-
verse of the mass as a small parameter.

Note that this issue has been discussed
before [8]. In that work the corresponding Vol-
terra integral equation of the second kind is dis-
cretized. Taking into account the solution of
this equation and the statistical data in the qu-
adratic functional, this functional is minimized

example, the first variation of the functional
cannot be brought closer to zero below the or-
der of 10*. This shows that the method [8] is
not very effective.

2. Problem Statement

Let the motion of an object be described
by the following system of linear differential
equations with fractional derivative [11-13,15]

mj(x)+aD” y(x)+by(x)= f(x),
x=x,>0, (1)

with initial conditions
y(x0)=0, )’/(xo)=y1, (2)

where a €(1,2), y(x)- the desired function,
m,a,b,y,,x, — given parameters, f (x) -

external force.
Suppose that the mass m in equation (1)
is large enough. Then divide both sides of this

by dividing the segment in half on the interval equation by m and denote Z =&
where the fractional order is included. In the
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(x) + gaD” y(x) + eby(x) = & (x),

x2x,>0, (3)

Let us introduce the following quadratic
functional to find « :

2
Z”j )

J(@)=min| y(I)- >~
a le S
where ;, J =1,_S statistical data for finding

a, y(I) — the value of the solution to the
problem (2)-(3) at the point /.

3. Reduction of the problem to a Vol-
terra integral equation of the second kind

To solve the problem (2)-(4), we integrate
the equation (3) twice from X, to x and take into

account the initial condition (2). Thus, we reduce
the problem (2)-(3) to a Volterra integral equation
of the second kind with respect to y(x) [14]:

V)4 [KG— (e =F(x), )

X0

where

F(x)=é [(x =)/ ()t + yx.

X0

Now let's introduce the asymptotic
separation of the function y(x) as follows:

y(x)=3e'y(x). ©)

If we consider the expression (6) in
equation (5), we get:

PO %)= yx, )
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+ T(x —1)f (¢)dt, ®)

X0

Let us consider the solutions (7) and (8)
in (6):

y (x) EnX
—gi aMHa(x—t) wdt +
5 (1 — a)! :
+ [0 (O)ar. 9)
Further we insert the expression (9) at

point / and we consider the obtained expression
in functional (4):

J (@) = min (y/ -
gj{ (( )1),1 b(l—t)}yltdt+
+ j (1= 1)f (¢)dr. (10)

To find the parameter ¢ , we find the de-
rivative of functional (10) with respect to &
and set it equal to zero:

oJ(a) J(a+h)—J(a)
oo h

~0. (11)
So, we introduce the following algorithm
to solve problems (2)-(4):

Algorithm
e Enter the values of the parameters
g, a, b, y,f,1,x, included in problem (3)-(4).
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e Enter the statistical data

yp(x), p=1s.

e Construct the functional (10).

e Using the least squares method, we
check condition (11) to determine the
parameter «.

4. Numerical Realization
Let's consider the following example
[10]:

£=10"",a=3,b=1,y,=10", =8 I=1,s=11,
11(%) = 0,y,(x) = =0.67, y;(x) = =0.34, y,(x) =
=0.8Ly,(x) =122, y,(x) =1.44,y,(x) =1.57, y,(x) =
=1.66, y,(x) =1.72, y,(x) = 1.77, y,,(x) = 1.81.

Substituting the above parameters into the
problem (2)-(4) and applying these parameters
to the above algorithm, we insert the table and
we get that the efficient fractional order is
a=1.1.

6J(a)’a:1.1 8J(a)’0{=1'2 6J(a))a=1.4 oJ(a) o =185

da da a oa
h=10" | 0.9904-10"7 | 0.129-10"° 0.243-107" 0.961-10™"*
h=10710.8834-10"" | 0.113-107" 0.206-107" 0.344-10™"
h=10" | 0.8738-10"" | 0.1123-10"° | 0.203-107' 0.323-10™"
h=10"1{0.8728-10"" | 0.11224-10"° | 0.20297-10"° | 0.3214-10™"*
h=10" | 0.8727-10"7| 0.11222-10"° | 0.20294-10"° | 0.3213-107"*

5. Conclusion

In this paper, asymptotical method for de-
termining the fractional order in oscillatory sys-
tems with liquid dampers is proposed by redu-
cing this equation to the Volterra integral equati-
on of the second kind with respect to the displa-
cement of mass coordinates. The first variation
of the effective value of the fractional order ob-
tained by proposed algorithm approaches zero
with an accuracy of 107, This indicates that the
proposed algorithm is more effective.
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HOROKOT EDON KUTLONIN KOORDINATLARI VASITOSILO ROQSi SISTEMLORDO K9OSR
TORTIBIN TOYINI UCUN ASIMPTOTIK USUL

N.S.Haciyeva, I.V.9liyeva, F.O.9liyev

Qeyd edak ki, ragsi sistemlorda plunjerin qaldirdigi neftin kiitlosi kifayat gadar béyiik oldugda kiitlonin torsini ki-
¢ik parametr kimi qabul edarak, verilmis masalanin halli iigiin asimptotik iisul daxil edilir. Bu zaman obyektin harakat
tanliyi harakat edan kiitlanin koordinatlarina nazaran ikinci név Volterra inteqral tonliyina gotirilir. Statistik verilonlara
asasan kvadrat funksional qurulur. On kigik kvadratlar iisulundan istifada edarak, kasr tortibin tayini iiciin effektiv alqo-
ritm daxil edilir va bu alqoritm asasinda cadval daxil edilir. Hesablama alqoritminin naticasi onu gostorir ki, alinan
kasr tartib kvadrat funksionalm birinci variasiyasmi 107'° daqiqlikls sifira barabar edan an effektiv kasr tortibdir.

Agar sdzlar: ragsi sistem, kasr tortib diferensial tonlik, Volterra inteqral tonliyi, an kigik kvadratlar tisulu

ACUMIITOTUYECKHA METO/ OITPEJEJEHMS IPOGHOI'O MOPSIKA B KOJIEBATEJBHBIX
CUCTEMAX C IOMOIIIbIO NEPEMEINEHUA KOOPANHAT MACC

H.C.I'ap:xxueBa, U.B.AnneBa, ®.A.AstueB

OtMmernm, 4TO B KoJeOaTesIbHOM cucTeMe, Koraa Macca HeTH, MoJHUMaeMast INTyH)KepOM, JI0OCTaTOYHO BEJIMKa,
BBOJWTCSI ACHMITOTHYECKHIA METOJ PEIICHHs IOCTABICHHOHN 3a/1a4M, MPUHUMAs B KAUeCTBE MAJIOTO MapaMeTpa BellH-
4iHy, 00paTHyI0 Macce. [Ipn 3TOM ABIKeHHE 00BEKTa CBOIUTCSA K MHTETPAJLHOMY ypaBHEHHIO BombTeppa BTOpOTO
poJia OTHOCHUTENHFHO CMEIIEeHUs KOOpAMHAT Macc. Ha OCHOBE CTaTHCTHYECKUX MaHHBIX CTPOUTCS KBAIPATUIHBIA (QyHK-
muoHan. C MCIIONIb30BaHUEM METOJa HAMMEHBINNX KBAAPAaTOB JUI ONpEAENICHHS IPOOHOTO MOpSIKa MPeIoKeH 3 ¢-
(eKTUBHBII alTOPHUTM, M B IpUMeEpe MpeCcTaBiIeHa TabIUIa ¢ HEKOTOPBIMH IPOOHBIMHU MOpsAAKaMH. Pe3ynprar Ber4nc-
JIMTEJIHOTO ITOPUTMa ITIOKa3bIBAeT, YTO IEpBasi BapHalMs KBaJpaTHYHOTO (PyHKIMOHAJa OTHOCHTENIBLHO JpOOHOTO
NOps/IKA PaBHa HyJI0 ¢ TOUHOCTEI0 10716, DToT N1po6HEIM TOPANOK sBseTcs Hanboee 3 YEKTUBHBIM MOPSIKOM.

Kniouegvie cnosa: xorebamenvhas cucmema, oughgepenyuanvhoe ypagnenue opooHo20 NOpsoKd, uHmMezpais-
Hoe ypasneHue Borbsmeppa, memoo HaumeHbuiux K6a0pamos
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