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THE METHOD FOR CONSTRUCTING THE ASYMPTOTIC SOLUTION OF THE
PERIODIC OPTIMIZATION PROBLEM FOR DISCRETE SYSTEMS WITH LIQUID
DAMPERS.

A.F.Rasulzade, N.I.Velieva
(Presented by Academician of ANAS F.A.Aliev)

The problem of constructing control and stabilization systems for oil extraction using a
rod pump unit is studied with differential equations containing a small parameter in fractional
form. An optimal control problem is formulated for them, and in the first approximation, the
stabilization problem with small parameters is solved for the given problem.
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Introduction
It is known that the motion equation of an
oscillator systems with liquid damper is defined
by the following fractional-order linear diffe-
rential equation [2,4,7]:
my"(x)+aD" y(x) +by(x) = f (x), 0 < x <L,
[<x<2] (1)

1
Let £ =—1s a small parameter in equation (1)
m

and then
Y'(x)+£aD" y(x)+ sby(x) = £ f (x), 0 X <
[<x<2l (2)
The periodic conditions are as follows:
y(20) = y(0),
y'(2D) =y'(0), 3)
Here, ¢ - the small parameter is given,
ae(1,2), y(x) is the unknown function.
First, let’s discretize the problem (2)-(3).

Discretization:

In equation (2), if we write the definition of
the fractional-order derivative in the Riemann-Liou-
ville sense and discretize it, we get [3, 5, 6, 8-11]:

-1 2
VVle( ) 3jWi+5(AiVVi+U[)9

i=1,2,..

(4)

After discretization, the periodicity condi-
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tion (3) will be as follows:

Wy =W, (5)
y2n

y2n+l
the solution to the equation (2),

(i-1) (i-1)
A _ All A12
i AGD AGD

21 22

_ I-a
Af'rl) (a, I h) =—h |:a M + b(xzi-z - xzz—4):| +

Here W, =[ j column vector containing

(1-a)!

X.. —x.. l-a
+2h{a (221_020‘3) “bix,, —xm)}

AV (a,ih)=—h

(s =X55) " _
a (1—a)! +b(Xy =Xy, 3)

- . r X . —x. 1-a
A(zl K (Cl,l, h) =-2h|a (2121_02;);‘) + b(le.,z - x2i4):| +

= I-a
+4h |:a (2121_02;)'3) +b(xy, — x2i3):| -

. —x. l-a
. —x l-a
+2h |:a(2121_;l)?) +b(x,, _X2i3):|
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_ I-a
A(zizil)(a’i’ h)=-2h |:a (x2i*2 x2i73)

(I—a)! +b(x,,, _x2i3):| -
—h {a (5 = X515 ) +
(1-a)!

b(xZi—l —Xi3 ):|

Um
o) fu = fos [ =20 foy 41 S

Problem formulatlon.
Let’s construct the functional as follows:
J:Z(Wi'RWi LUy, )——)min (6)

i=0

Here:

R=R'20,C=C">0 e are the weight ma-
trices and the strikemark indicates the transpose
operation.
Choose a control strategy (regulator equation)
U =KW, (7)
so as to minimize the quadratic quality criterion
(6) and (4)+(7) will be asymptotically stable
systems.

Solution method:

It should be noted that an analogous op-
timal control problem for (2)-(3) has been
solved with the periodicity condition taken into
account [2]. Let's write the Euler-Lagrange
equations. [1]:

With periodical conditions:

I e Yy B g

Let’s search for the solution in the form
A, = S@W, [1], then:

S(i) = go’(i)[sml) —SE+1)(C+Si+1)) " SG +1)}p(i)+R(i)

-

Thus, to determine the control law, it is nec-
essary to construct a sequence of matrices S(i)

satisfying (9). In these problems (for a finite time
interval (i =1,2,3,...,2n), the value of the matrix

S(2n) is given at the right end of the interval. For
the case of infinite time interval (i =1,2,3,...,), the
definition of the matrix S(i)for any value of i is

an independent problem.

Si)=[o(i.p), +e0(i.p), | [E+S(p+D[M(i,p), +eM (i,p)lﬂ" x

xS(p+i[o(i.p), +ep(i.p), |+[R(i.p), +¢R(i.p), ] (10)

Here:

0, (i.p)= (0o (p~1))[E+M (i, p~1)R] o(i.p~1)

o (i,p) [E+M - RJ o(i,p-1)
R,(i.p)=R(i.p~1)+9, (i.p~)R[E+ M (i,p~1)R] @, (i.p 1)
R(i,p)=¢ (i,p RI:E+M i,p— R]ilgoo(i,pfl)Jr

+0, (1 ~1)R[E+M (i,p- R] o, lp—l)

(i.p) (go ) [E+M(i.p-1)R]'M (2, (p-1)
zp =( )|:E+M lp R] M —1 (gol(p—l))+
((p](p— ))[E+M (i.p-D)R]' M (e (p-1)

Foreach i=1,2,...,

NOBE
xS(p+0)

2n in (10) we get:

0.p), +£0(0.p), | [E+5(p+0)[ M (0.p), +&M (0.p),]]
9(0.p), +2p(0.p), | +[ R(0.p), +R(0.p), ]

Lo), +ep(p), | [E+sp+n[M(1p), “’M(‘ﬂl’).ﬂil «
o(1.p), +ep(Lp), |+[R(L.p), +&R(Lp), ]

r—\/—\

Sy = [
xS(p+1)

V_\/—\

s@n)=[p(2n.p), +ep(2n.p), | [E+S(p+ 2 M (20, p), + &M (20, p)l]]’1 X
xS(p+2m[ p(2n,p), +&p(2n, p), |+[ R(2n,p), + R (2n,p), |

Note that due to the periodicity of the ma-
trices in the condition of the problem, control
strategy will not change if the beginning is
shifted by p (i=p,p+1,...). Therefore, the
initial sequence of matrices must also satisfy
the periodicity condition:

S@)=SG+p). (11)

If we take this into account in the formula
(10) and write the separation ¢ for each S@) in

9
Here: ©) the form S,(7)+ €S,(7), and simplify in the first
P(i) =g, (i )+ g(ol( ) R() =R, (i)+&R, ( ) approximation, we will obtain the follo-
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wing:
5,0)+eS,() =9, (1. p)[E+S,)M, (i, p) | S0, (i, p) +
o (i,p)([E+S,,(i)MO (1.0)] ' [SiOM, (i.p)+5,0M, (i, p) ] [E +5,6)M, (;,p)]")x
xS,0)0, (i p) + 9, (1. p) [ E+8,00M, (i, p) ] S,y (1. p) +
)E+58,00M,(i.p)] ' S,()ey (i) +
JE+S,00M,(i.p)] " .0, (i) +
+0) (i, p)[E+8,)0M,y (i.p) ] So(ey (i, p)

+e| +o, (i,

S

+o, (i,

(12)
We will obtain. From equation (10), we
will get that:
S =0, (. p)[E+S,0OM, (i.p)] ' Sy)e, (i, p) + R(i. ),
(13)
50)=a, (i p)([E-*-S‘,(i)MU (i) ] [8,00M, (i.p)+ S,@0M, (i p) ] [E + 8,0, (i, p) ] )su(i)% (iop)+
o) (i.p)[E+8,0M, (i,0)] S99, (i 0) + 0, (2.p) [ E+S,0M, (i.p)] ' 8,00, (1. p) +
0, (.p)[E+ 8,0, (i.p)] S,0001(i.p) 1 (p)[E+S,0M, (ip)] S, (i p) + R(i.p),
(14)
Equation (13), as seen, is a discrete alge-
braic Riccati equation, and we know the meth-
od to solve it. Equation (14) can be solved us-
ing the Gradient method.
Thus, we will obtain the solution to the
problem as follows:

VVi+1 = (VVi+1 )0 + g(VI/i+1 )1

i=0,1,2,... (15)
Here:
_ -1 -1 2 s
(Wi+l )o =|E+C (Si )o 2 3
*(W,)O (16)

AR N O

(E+c(s),) (E+C(s),)*
(- (),
H(E+C(S),) (_; i)
The controller will be defined as [1]:
U, :(Uz’)o +5(Ui)

(17)

+

1
Here:
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-1 2
According to in (16) E+C7'(S;), {—2 3} and

in (17) (E+ ¢! (S" )o )71 (E+ c (Si )0)*
*(E +C7'(S), )71 [:; ij

if the elements of the matrix and the corre-
sponding matrix are located within the unit cir-
cle, the (2)-(3) system will be asymptotically
stable.

Conclusion

In the end, the issue of establishing the
stability of the optimal controller in the periodic
optimization problem of discrete systems with
liquid dampers for the asymptotic case has been
examined and a solution algorithm has been
proposed. In the solution process, separation
with respect to the small parameter has been
obtained, resulting in two equations: the first is
a discrete algebraic Riccati equation, for which
we know the solution method, and the second is
proposed to be solved using the gradient method.

REFERENCES

1. Aliev F.A. Methods for solving applied problems of opti-
mization of dynamic systems. Baku: Elm, (1989),320 p.

2. Aliev F.A., Aliev N.A., Rasulzade A.F., Hajiyeva N.S.
Solution of the optimal program trajectory and control of
the discretized equation of motion of sucker-rod pumping
unit in a Newtonian fluid, TWMS J. App. and Eng. Math.
V.13, N.4, (2023), pp.1369-1382.

3.Aliev N.A., Velieva N.L, Gasimova K.G., Resulzade A.F.
Discretization Method On Movement Equation Of The
Oscillating System With Liquid Dumpers, Proceedings of
1AM, ,V.8,N.2, (2019) pp.211-228. (in Russian)

4 Alieva 1. V., Rasulzade A. F., Sevdimaliyev Y. Develop-
ment of Algorithms for Solving the Optimization Prob-
lem of Oscillatory Systems with Liquid Dampers, Pro-
ceedings of the 9™ International Conferences on control
and optimization with industrial applications, N1, (2024),
pp 389-392

5.Bonilla B., Rivero M., Trujillo J.J. On systems of linear
fractional equations with constant coefficients, Appl.
Math. Comp., V.187, (2007), pp.68-76.

6.Bryson A., Ho Yu.Sh. Applied Theory of Optimal Cont-
rol, Mir, Moscow, (1972),496 p

7.Monje, C. A., Chen, Y. Q, Vinagre, B. M, et al. Fractio-
nal — order systems and controls fundamentals and appli-
cations. London: Springer (2010),415 p.

—<p>— [OKNAbI


http://www.iamj.az/Files/Contents%20V.8,%20N.2,%202019/leylaAynur_yeni.pdf
http://www.iamj.az/Files/Contents%20V.8,%20N.2,%202019/leylaAynur_yeni.pdf
http://www.iamj.az/Files/Contents%20V.8,%20N.2,%202019/leylaAynur_yeni.pdf

PHYSICAL, MATHEMATICAL AND TECHNICAL SCIENCES

13

8.0dibat, Z. M. (2010). Analytic study on linear systems
of fractional differential equations. Computers & Mathe-
matics with Applications, 59(3), 1171-1183.

9.Rasulzada A.F., Aliev N.A., Velieva N.I Algorithm For
Determining Fractional Derivatives For Discrete Vibrati-
on Systems With A Liquid Damper, Proceedings of
IAM, V.10, N.2, (2021), pp.181-191 (in russian)
10.Rasulzade, A. F., Hajiyeva, N. S., Ismailov, N. A.

(2022). Determination of the optimal program trajectory
and control for discretized movement of the plunger in
rod pumping equipment. Proceedingsof IAM, 11(2), pp
203-220

11.Samko S.G, Kilbas A.A., Marichev O.1. (1993) Frac-
tional integrals and derivatives: Theory and applications,
Gordon and Breach Science publishers, Yverdon, Swit-
zerland, (1993), 780 p.

resulzade@aztu.edu.az

DISKRET HAL UCUN MAYE DEMPFERLI ROQSi SISTEMLORDO PERIODIK OPTIMIZASIYA
MOSOLOSINDO ASIMPTOTIK HOLLIN QURULMASI USULU

A.F.Rasulzada, N.I.Valiyeva

Stangli nasos qurgusu ilo neftgixarma zamani idaroetmo vo stabilizasiya sistemlorinin qurulmasi mosolosi kosr
tortib daxil olan kigik parametrli diferensial tonliklor ilo todqiq olunur. Onlar {igiin optimal idarsetmo masalosi qoyulur
va qoyulmus mosalo {iglin birinci yaxinlagmada ki¢ik parametrli stabilizasiya mosalasi hall olunur.

Acar sozlor: Stanqli nasos qurgusu, asimptotika, diskretlagdirma, Eyler-Laqranj tanliyi, cabri diskret Rikkatti

tanliyi, idaraetma, dayamiqliliq, kicik parametr

METO/] IOCTPOEHUSI ACUMIITOTUYECKOI'O PEINEHMS 3AJIAYUA MEPHOINYECKOM
onTuMM3ANUA JJIA JTMCKPETHBIX CUCTEM C JKUAKOCTHBIM JEMII®EPOM

A.®.Pacyazane, H.U.Beanesa

Bormpoc noctpoeHus cucteM ynpaslieHHs: U CTaOMIM3aluK TP 100bIY€ HEPTH C UCIIOJIb30BAHHEM LITAaHTOBOTO
HACOCHOTO YCTPOMCTBA MCCIENyeTcs ¢ MpuMeHeHneM JuddepeHInanbHbIX YpaBHEHUI ¢ MalbIM IIapaMeTpoM, BXOJIs-
mux B ApoOHble (opmbl. /st HUX GopMmynupyercst 3ajilaya ONTUMAaJIbHOTO YIPABJICHUS, U Ha MEPBOM MPHUOIIKEHUH
pemaeTcs 3a7aya cTabuIM3aluy ¢ MAIBIMK TapaMeTpaMHy JJIS JTaHHOH 3a/1auH.

Knrwouegvie cnosa: wmanzoswiii nHacoc, acumnmomuxa, Ouckpemusayus, ypasuenue OJinepa-Jlaczpandica,
aneebpauieckoe Ouckpemuoe ypasuenue Pukkamu, ynpaeienue, ycmouuugocms, Maubli napamemp
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