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The homogeneous Riemann boundary value problem for analytic functions in Morrey-Hardy
classes is considered. In this case, some properties of functions from these classes are studied and
the possibility of representing these functions in terms of an integral of Cauchy type is established.

The specificity of these problems lies in the fact that the Morrey space L”“ is not separable. There-
fore, we consider a subspace M "“ < L™*, in which the continuous functions are dense. From the
point of view of the approximation theory, the space M " is of special interest. The corresponding
Morrey-Hardy classes generated by the space M ™“ are defined and the solvability problems of

Riemann problems in these classes are studied.
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Introduction

The theory of Riemann boundary value prob-
lems for analytic functions has a deep and
long history. This problem was first posed by
B.Riemann. Then D.Hilbert drew attention to
similar problems and formulated the statement,
so-called now, of the Riemann-Hilbert problem.
Later this direction in connection with applica-
tions in the solution of problems of mechanics
and mathematical physics was essentially deve-
loped in the works of well-known mathematici-
ans and the theory of these problems is illumi-
nated in well-known monographs. It should be
noted that the methods of this theory are also
applied in other fields of mathematics (for ex-
ample, in approximation theory, in the spectral
theory of differential operators, etc.).

Recently, in connection with applications in
problems of mechanics and pure mathematics, in-
terest in nonstandard function spaces (e.g, Lebes-
gue space with variable summability exponent,
Morrey space, "grand” Lebesgue spaces, etc.) has
greatly increased. Review articles and monog-
raphs are devoted to this direction (see e.g. [1-3]).
Different problems of mathematical analysis (e.g.
the boundedness problems of various integral op-
erators such as singular operators, Riesz potenti-
als and etc., direct and inverse problems of appro-
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ximation theory with respect to Faber polynomi-
als and others) are studied in similar spaces.
Along with this, Riemann-Hilbert problems in
these spaces have also been studied in various
formulations (see, for example, [4-8]), and many
problems remain unresolved until now.

In this work the homogeneous Riemann bo-
undary value problem for analytic functions in
Morrey-Hardy classes is considered. In this case,
some properties of functions from these classes are
studied and the possibility of representing these
functions in terms of an integral of Cauchy type is
established. The specificity of these problems lies

in the fact that the Morrey space L"“ is not sepa-
rable. Therefore, we consider a subspace

M P* < L"*, in which the continuous functions
are dense. From the point of view of the approxi-

mation theory, the space M *“ is of special inte-
rest. The corresponding Morrey-Hardy classes ge-

nerated by the space M *“ are defined and the
solvability problems of the homogeneous Riemann
problems in these classes are studied.

Needful information

Let us give some notation and facts,
which we will use when obtaining the main re-
sults. First we define the Morrey space on the
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unit circle y ={zeC:|7=1} on the complex
plane C. Further by o =int y we will denote
the unit ball in C. By L,(-z,7) denote the
linear space of all Lebesgue measurable functi-
onson (-z,7x).

Denote by L*“(y),1< p <+, 0<a <1,
the normed space of all measurable functions
f(-) on y with a finite norm

1/p
() = sgp[|B my|jfl _H f (cf)|p|d§|} < 400,

Bny

|t

(/B my|y —is a linear measure of B y),
where sup is taken over all balls centered on
y and with an arbitrary positive radius. With

respect to this norm L"“(y) is a Banach space.

Using the results of [9], the following
lemma is easily proved.
Lemma 2.1.Let {r,} - <y different

points. Then the finite product
a)(T)ZH|T—Tk|ak, Tey,
k=1

belongs to the space L°«,
if and

1< p<+,o, O<a<l,

only if  the inequalities

o, >-Z vk =1m are fulfilled.
p

Morrey-Hardy space

Let us give some necessary information
from the theory of Hardy spaces.

Define  the class  Morrey-Hardy
HP" 1< p<+m,0<a <1, of analytic func-
tions f(-) inside the unit disc @ with a norm

[ l,is. = suplf G,
O<r<1

where f,(t)= f(re"). It is easy to see that the
inclusion H”* < H,", 1< p <+, holds true,
where H," is an ordinary Hardy class.

Consider the space H . Denote by L"“,

The spaces H " and L"* are isomorphic and
the  restriction operator J:HP* < L™
(J Nr)=f"(¢), rey, vf e H* , carries out
the corresponding isomorphism. Put
MP“=MP“ALY", with anorm [ . Itis
clear that M P is a subspace of M " (since
M P and L?“ both are closed subspaces of
LP“). Let MHP“=37*M/“). Obviously,
MH " is a subspace of H "“.From the abo-
ve considerations it follows that for vf e H"“
the norm ||f||H+M can also determine by

Hf‘Hf‘“ :H]H
gential boundary values of f along 7.

Similarly to the case MH ”“, we define
the class . MH"“. In other words, _MH"* is
the subspace of functions from _H"*, which
shifts on y are continuous with respect to the
norm .,

, where f* — is the non-tan-
p.a

Let us consider the weighted variants of
the above spaces. First we define a weighted

space M >* with some weight function. Con-

sider the weighted space L°“ and let

f e L) —Dbe some function. If necessary, we

consider that the function f(-) outside of the
segment [- 7z, 7] is parity continued, i.e. (the
extended function will also be denoted by f(-))

f(x):{f(—Zﬂ'—X),

f (27 —x),

X e [— 37[,—7[),
Xe (71,37[].

Put
M, ={f e L2 :]f(+8)-1()] . —0, 60}

It is quite obvious that M jis a linear
subspace of L?“. Denote by M *“ denote the
closure of M in L°“, i.e. M > is a subspa-

the subspace L"“, generated by the restrictions of e of ¢,
; . p
functions from H?“ on 7, ie. L{“=HP!“/ .
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On a subspace of the dual Morrey-Le-
besgue space

Since we do not know the characterizati-
on of the dual apace to the Morrey-Lebesgue

space L"*, in the form of a function space,
therefore it is sufficient to consider a subspace

of the space (L"'“ ) denoted as (Lp'“) and
defined by the relation

(L) - {g e Lolom )z supfol, ... < *w}’

with a norm

l9ls..j = sup ], (4.1)

where s ={f eL": Il —1j—is a unit

sphere in L"*.

The following theorem is true.
Theorem 4.1.

(Lp'“), 1<p<+w, 0<a<l is a Banach

space with respect to the norm (4.1).
It is easy to prove the following lemma.
Lemma 4.1. The finite product

m B
vi)=TTt-t] -
k=1

{tk}k:rm C[—ﬂ,ﬂ], t#t;, i#j,

belongs to the space (LW)’, 1< p<+4o, 0<a<l,

if and only if g, E(—l+g,+oo} vk=1m.
p

The general solution of the homogeneo-
us Riemann problem in Morrey-Hardy
classes

Consider the following homogeneous
Riemann problem

(r)-G)F (z)=0,

F(z TEY,
(5.1)
i }

HESE (e, P,

MBRUZOLOR —<«p—

REPORTS

l<p<+mw, O<a<],

where G(e")=|G(e" Je”"", te[-z,z] - is a
coefficient of the problem. By solution of the
problem (5.1) we mean a pair of analytic functi-
ons (F*;F‘)e HPx_ HP, whose non-tan-
gential boundary values F *(z) inside @ and
F(r) outside @ on y satisfy the relation
(5.1) a.e. on . This problem will be solved ac-

cording to the scheme proposed in the monog-
raph of I.I.Danilyuk [10]. Let us introduce the
following piecewise analytic functions on the
complex plane with a cut y :

X,(z)= exp{i fln ‘G(eit ] Z:I -_f‘ z dt},

z

i tooet+z
X,(z)= eXp{E[rg(t)e" - dt}, Zgy.

Let
zk&)={Xk&) <

(X, @), [2]>1

and assume Z(z)=2,(2)2,(z), z ey .

We will assume that the coefficient of the
problem (5.1) G(-) satisfies the following conditi-
ons:

i) G*()eL, (-7,7);

i) 0(t) = arg G(e" )— is a piecewise Holder func-
tion on [-z,z] and h =6(s, +0)-
6(s, —0), k =1,r — mare jumps of this function at
the discontinuity points {s, }' : -z <s, <...<s, <7 -

The following theorem is true.

Theorem 5.1. Let the coefficient G(-) of
the problem (5.1) satisfy the conditions i), ii) and
the jumps {h, |1 of the function 6(t)=arg G(e*) in
[- 7, ] satisfy the inequalities

2 he

k=0,r,
p 27 p

(5.2)

where h, = 8(- z)-6(z). Then
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a) for m>0 the problem (5.1) has a
general solution of the form

F(z)=2(2)R(2),

where Z(z)-is a canonical solution of this
problem, P, (z)-is an arbitrary polynomial of
order k <m;

B) for m<0 the problem (5.1) has only
trivial solution.

The following theorem is true.

Theorem 5.2. Let the coefficient G(-) sa-
tisfy the conditions i), ii) and the jumps {h, |/
of the function @(-) satisfy the inequalities

h
-1+ g < _k < g’
p 27 p
Then
a) for m>0 the problem (5.1) has a ge-

neral solution of the form (5.3) in Morrey-Hardy
classes MH?“ x, MHP* 1< p <40, 0<a <1;

(5.3)

k=0,r. (54)

B) for m< 0 the problem (5.1) has only
trivial solution.
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BiRCINS RIMAN MOSOLOSININ MORRi-HARDI SINiIFLORINDO HOLLOLUNANLIGI HAQQINDA
B.T.Bilalov, S.R.Sadiqova, F.S.Seyidova
Isdo analitik funksiyalar {i¢iin Morri-Hardi siniflorinds bircins Riman masalasine baxilir. Eyni zamanda bu sinif-
lardon olan funksiyalarin bazi xassalori dyroanilmis vo bu funksiyalarin Kosi tip integral vasitossilo ifadasinin miimkiinlii-
yii ishat olunmusdur. Masalonin maxsusiliyi ondan ibaratdir ki, L™ Morri fozast separabel foza deyil. Bu soboabdon

kasilmoz funksiyalarin six oldugu M = L7 alt fozaya baxilir. Approksimasiya nozoriyyasi noqteyi-nazardon

a . - - a o o - . « e e . N -
M % fazasi xiisusi maraq dogurur. M % fazasmm dogurdugu uygun Morri-Hardi siniflari tayin olunur va bu sinif-
larde Riman masalasinin hallolunanlig: dyranilir.

Acar sozlar: Morri fazas:, Morri-Hardi siniflori, Riman masalasi, hallolunaniig
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O PASPEIIMMOCTH OJJHOPOJHOM 3AJTAYMA PUMAHA B KJIACCAX MOPPU-XAPIU
B.T.buaanos, C.P.Canbirosa, ®@.111.CengoBa

B pabote paccmarpuBaeTcs OJHOpOAHAs KpaeBas 3amada Pumana B Kiiaccax Moppu-Xapau Ui aHAJIUTHISCKIX
¢yuxmmit. [Ipy 5ToM M3ydaroTcsi HEKOTOPEIE CBOMCTBA (DYHKIMH M3 STHX KJIACCOB M YCTAHABIMBAETCS BOSMOYKHOCTH TIPE.-
craBneHus yepe3 uaterpai tuna Komm stux ¢pyakimit. CrienuduaHOCT 3THX 3a/1a4 3aKJIF0YaeTCsl B TOM, YTO IPOCTPAHCTBO

p,a p.a p.a
MOppI/I L HE SABIICTCS CeHapa6eJ'H)HI)IM. H03TOMy paccMaTpuBacTCda MoANPOCTPAaHCTBO M (- L , B KOTOpOM
p,a o
HETIPEPBIBHBIC (l)yHKHI/II/I wioTHEL. C TOYKH 3pCHUA TCOPUU AMMPOKCUMAIIUU MIPOCTPAHCTBO M MpEACTaBIIICT 0COOBINI
p.a
HHTEPEC. OHpeZIeJI}HOTCH COOTBCTCTBYIOIIUEC KJIACChL MoppI/I-Xapzu/I, TMOPOKACHHBIC TPOCTPAHCTBOM M 1 U3y4aroTCs

BOTIPOCHI PAa3pCIIMMOCTH 3aJa4 Pumana B 3THX KJ1accax.

Knroueewte cnosa: npocmpancmeo Moppu, knaccor Moppu-Xapou, 3a0aua Pumana, paspeuumocms
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