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d
The Schrodinger operator L = —d7+ 9(X)X2 is considered on the entire axis, where H(X) is

Heaviside function. The direct scattering problem for the operator L is studied. The formula is ob-
tained for the expansion in terms of eigenfunctions of the continuous spectrum of the operator L.
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Introduction
Let us consider the one-dimensional
Schrodinger equation

Y+ 0y = Ay, —0<x <o, 1eC, (1)

where 9(X) is Heaviside function. Differential
equation (1) defines in space Lz(—OO,+OO) a
self-adjoint operator L, which can be obtained
by closure of symmetric operator defined by
equation (1.1) on twice continuously differenti-
able finite functions. In this paper, the direct
scattering problem for the operator L is stud-
ied. A formula is obtained for the expansion in
terms of eigenfunctions of the continuous spec-
trum of the operator L.

Note that various spectral problems for a
harmonic oscillator, i.e. for the Schrodinger
equation with a square potential, in various
contexts has been studied by many authors (see.
[1]-[5] and bibliography in them).

Scattering problem. It is known [6] that
the equation

_yﬂ+X2y:/fLy,

has a pair of linearly independent solutions

DE(\/EX) and DH(—\/EX)’ where DV(X) is
> it

2

—00 < X < +00

Weber function. Let us denote by G the com-

plex 4 - plane with a cut along the positive

semi-axis. Let us consider a function Jai in the
plane G, choosing a regular branch of the radi-

cal such thatvA+1i0 >0 for 1 >0.
Theorem 1. For each complex value A,
the equation (1) has solutions ¥, (x, 1), ex-

pressed as follows:
D, ,(V2x) x>0,

v, (x2)= Z{D“(O)—i D;l(o)}eiﬁx+

NG

Note that for A€ (0+), the function
w_(x, 1) is also a solution to equation (1). Mo-
reover, for /16(0,+00), the solutions z//_(x,l)
and v//_ix,ii are linearly independent, since
their Wronskian is equal to 2iNA . Taking into
account that for le(—oo,+00) the function

1//+(x,1) takes real values, we obtain the ex-
pansion
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v )=l (sl (x4)

A €(0,+0) @)

where the function 2(4) is defined by formula

a(1)=(2iv2)"| V2D, ,(0)+ivD ., (0)

Functions at(A,(x,4) and

r(4)=a"(1)a(2) are called the solution to the

scattering problem and the reflection coefficient
for equation (1) respectively.

Decomposition in terms of eigenfuncti-
ons. Using solutions (2), (3), it is proven by the
standard method (see. [5]) that for 4 ¢ [O,+oo),
integral operator R, is defined in space
L, (~o0,+90) by the formula

+00

(R, F)x)= [ROt, 2)f (t)dt

—00
i)

where

R(x,t,ﬂ):wzla(ﬂ)yg(x,/l)y/(x,/l)e(x—t)w(x,ﬂ,)u/g(t,ﬂ,)e(t—x)

is the resolvent of the operator L. Furthermore,
the operator L has continuous operator, which
fills the positive semi-axis [0,+00). Explicit for-
mula for the resolvent R; leads to the theorem
of expansion in terms of eigenfunctions of the
operator L. Namely, we denote by E(A), whe-
re A runs the Borel subsets in (—0,+), de-
composition of the identity of a self-adjoint op-

erator L (see. [7]). In the absence of a point
spectrum, the following formula is valid:

E(A)= !‘i‘?ozi,,i [(R(1+ie)-R(2-i2))A

(see. [7]). This formula is sometimes cal-

led Stone's formula. In particular, assuming

A= [01+°°), for the operator L we get

+00

| = !L"Joz_m (R(A+ig)-R(A—ig))dA

This formula and relation (4) serve as the
basis for the derivation of the decomposition
theorem.

Theorem 2. The decomposition formula

ilw ==y (A (7, )02 =5(x-y)

is valid, where 9 is Dirac’s delta function..
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KVADRATIK POTENSIALLI SREDINGER OPERATORUNUN MOXSUSIi FUNKSIiYALARI
UZRO AYRILIS DUSTURU

A.X. Xanmammadov, D.H. Orucov

2

2
Biitiin oxda L=~ dx? + Q(X)X Sredinger operatoruna baxilmisdir, burada Q(X) Hevisayd funksiyasidir.

L operatoru ti¢iin sopilmonin diiz mossalosi Gyronilmisdir. L operatorunun kasilmoz spektrinin moxsusi funksiyalari
iizro ayrilis diisturu ¢ixarilmigdir.

Agar sozlar: Harmonik osilyator, Sredinger operatoru, spektr, maxsusi funksiya, Veber funksiyasi

DOOPMYJIA PA3JTOXKEHHUA 11O COBCTBEHHBIM ®YHKIUAM OIIEPATOPA HIPETUHI'EPA
C KBAJJPATUYHBIM NIOTEHIITUAJIOM

A.X. Xaumamenos, JI.I'. Opyaxes

2
2
Paccmotpen omeparop penunrepa L= _d7+9(x)x Ha Bcell ocu, rae Q(X)— ¢yakums XeBucaiina.

U3yuena npsmas 3a1a4a paccesHus jns oneparopa L . ITonyuena gopMyna pasiioskeHHs 10 COOCTBEHHBIM (QYHKIIHAM
HeNpepLIBHOTO ClieKTpa oneparopa L .

Kniouesvte cnosa: capmonuueckuii ocyunmusmop, onepamop Llpeduncepa, cnexmp, cobcmeennas ynxyus,
@ynkyus Bebepa



