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COMPUTATIONAL ALGORITHM FOR SOLVING THE QUASI-LINEAR
EQUATION USING THE RELAXATION METHOD

R.M.Tagiyev', 0.Z.Namazov?
(Presented by Academician of ANAS F.A.Aliev)

In the paper the Cauchy problem for a system of partial differential equations with a large
parameter that describe modeling of oil production by gas lift is considered. To solve this problem,
a sweep method is used. In this case, the solution of two differential equations is required, one of
which is a quasilinear partial differential equation, and the second an ordinary linear differential
equation. The study of the problem in this form simplifies the solution method and makes it possible
to complete the computer realization of the proposed calculation algorithms.
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Introduction

One of the most important stages in oil
production is the gas lift method. Various mat-
hematical models have been developed that
describe the movement in the process of gas lift
[1,2,6] and with their help various problems
were set, for example, producing the maximum
amount of oil with a minimum gas volume
[3,5,8], the determination of the hydraulic re-
sistance coefficient [ 4] etc. In this paper, we
consider the application of the sweep method to
differential equations of a hyperbolic type with
partial derivatives with a small parameter that
describes the motion in the process of gas lift
[9, 11]. It is shown that when applying the
sweep method to equations of motion, the coef-
ficients of these functions are found using two
differential equations. One of them is a quazili-
near partial differential equation, and the se-
cond is the ordinary differential equation. The
solution of the quasilinear equation is being fo-
und using the grid method [9,11]. Note that
when constructing a solution to a quasilinear
equation, it is impossible to find the coeffici-
ents of the positive degrees of the parameter <.
For this reason, the solution is found using co-
efficients of negative degrees of . The result
is illustrated using an example taken from a
specific practical problem [1, 9, 11].
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Problem statement

It is known that [7,10,12] in the gas lift
process, the system of differential equations of
hyperbolic type with partial derivatives
describing the movement of gas in the annular
space and gas-liquid mixture in the lift has the
following form

R (xt) _ cf aQ(xt)

B F OX
oQ;(x,t) _ _ aR(xt)
R 2Rk

i=12;t>0, xe(0,21)
1)

Here P(x,t) is the gas pressure in the

well (in the lift is of the gas-liquid mixture),
Qi(xt)is the gas volume, c, — speed of light,

| —well depth, the parameter a, is found using

2ai:i+ﬂ’—w . In this

@

expression A is the coefficient of hydraulic
resistance, g — acceleration of gravity, D-—

effective diameter of the annular space and the
lift. Indexes 1 and 2 are parameters describing
the movement in the annular space and in the
lift, respectively.

the expression
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If we solve system (1) by applying the
straight lines method to it and determine the
volume and pressure of the gas-liquid mixture
at each point, then the number of equations in
the system of differential equations will be too
large, and this will lead to serious errors in
computer calculations. For this reason, we con-
sider the solution of the problem by introducing
the parameter ¢ according to the relaxation
method. l.e. in the system (1) we make the

change g=% and z=%=ex, where ¢ is a

small parameter equal to the inverse value of
the depth of the well [8]. As a result, from
system (1) we obtain the following system of
equations:

Pte) o Qlzte), (2)
ot - F; oz ,
- =-F = & 2aiQi(Z,t,€).

The boundary conditions of the resulting
system of equations (2) are defined as follows
[1,11]:

By changing the role of the arguments z
and t in this system, we can write equation (2)
in the following form:

6P(Z,t,8)__i_5Q(Z’t"9)g
e F  a (4)
GQ(Z,t,S) S aF)(Z't’g)(g‘—ZaQ(Z t 8)

0z o

Ze (— oo;+oo), t>0.

The initial conditions will take the form

{P(Z,O, £)=P,(z,¢)

Q(Z’O’ 5) =Q, (Z, 8), Ze (— OOH—oo). ®)

We get the problem (4) and (5), which is
equivalent to the problem (2) and (3). Using
linearity (4), we can find the dependence of
pressure P(z,t,g) on the volume of the gas-

liquid mixture Q(z,t,&) in the following form
[1,11]:

P(z,t,&) =S(z,t,¢)-Q(z,t,&) + a(t) - R(2). (6)
Here «(t) is an arbitrary scalar function

satisfying the condition
a(0) =0, j a(t)dt =1 @)

and S(z,t,&) and R(z,t,&) must be determined.
In the particular case «(t) can be select-
ed as
at) =te™

To apply the sweep method, we obtain
the derivative of ( 6) with respect to z

and t.
ap(;zt &) 68(2t S)Q( te)s
oQ(z,t,¢) ,
+ S.(z,t,g)—az +a(t)R'(2), ®)
ap(g,tt,g) _ as(g,tt,g)Q(Z,t,g) N
+S(z,t,g)%+a’(t)R(z).

If we take into account the derivatives (8)
in (4), we obtain

aS(z,t,g)Q(Z t£)1S(2t.6) (z,t,£)+
L a®R(2) =—%wg
%;t,e):_ (GS(Z Leoate s (@)

+ S(z,t,g)w ; a'(t)R(z))— 2aQ(z,t, £).
—6Q(Z’t’5) from

0z

If we substitute the derivative
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the second equation of this system into the first
equation, we obtain the following expression:

%Q(z,t,g)—gFS(z,t,g)(%Q(z,t,m
+S(2t.2) aQ(;t’g) +a’(t)R(z)j— (10)
28S(2t.6)0(zt6) + aO)R'(2) = - aQ(;t’g)g.
If we simplify equation (10), then

(68(2,;,5)_8 FS(z,t,g)w - (11)

_2as,(z,t,g))Q(z,t,g)+[C;g_gFSZJaQ(;,t,e)_

—£FS(z,t,£)a (OR(2) + a(t)R'(z) = 0.

We integrate the obtained expression (11):

TKGS(E’;"E) _eFs(zt ) B20E) (g’tt’ 2 12)

_2aS(Z,t,8))Q(Z,t,g)+(T:2g_g FSzJ@Q(;t,t,é‘)_

—&FS(z,t,&)a'()R(2) + a(t)R'(2)Jdt = 0

If to take into account this expression in
(12), we obtain:

H@S(g;e)_gFS(z,t,g>aS(;m—2as<z,t,e>+

0

+2¢ FS(z,t,g)aS(g’tt’g)

}Q(z, t,e)dt + (13)

+R(2)-¢ FR(z)TS(z,t, £)a'(t)dt = 0.

If we assume that the resulting expression (13)
is satisfied regardless of Q(z,t,&), then we

obtain
0S(z,t,¢) 0S(z,t,¢)
— L FS(z,t, ) ———L —
o2 (@te)=—5 (14)
—2aS(z,t,e)=0

R'(2) —e[TS(z,t,g)a'(t)dt]FR(z) -0 (15)

The initial conditions will be as follows

$(x0,£)= r(g):%. )

Consider the grid with step h :ﬁ in the

direction of the axis z and with step 7 = % in

the direction of the axis t of the numerical
algorithm of quasilinear equation (14) with
initial conditions (16), i.e.

z.=ih, i=0,N, hN =L,
t,=]Jz, j=0,M, M =T.

Then, if we accept the notation

S(z,,t;)=s(ih, jz)=S;,

] L S(z,t,
we can write derivatives %‘g) and
Z

3S(z,t,¢)
—x

From the last for Si,jﬂ we get the ex-
pression

S

Si+,'
=Sy +ﬁ(1+ 2ah)—L#

&Fh S, (17)

After simple calculations (14) takes the
following form

8, — 1,4, +FNS,S,

I —5FhS§ —2ahzS; =0
This makes it possible to determine S, ;

from the following relation

T T Si_l,,-

+
&Fh sFh S, (18)

S, ;u=S; +(2ah-1)

i,j+l

MBRUZSLOSR —<«»=— REPORTS =—<«»=— [OKNAbI



PHYSICAL, MATHEMATICAL AND TECHNICAL SCIENCES

25

Note that the approximate formulas (17)
and (18) separately cannot be determined at all
points of this grid. Therefore, we will try to
combine the formulas (17) and (18) so that they
can cover this grid as a whole

P, . —
S,=—p2=-12 j=0,N. (19)

050 = o) ~

To cover all points of the grid, we will
follow the following sequence:

1;) from (17) for i=0,j=0 we will
obtain

T T S
SOl = SOO +ﬁ(l+ Zah)—ﬁi,

00

if to held a substitution

§ =% (1+2ah)- S0

= = S, here, we

can write:

~1
S01 = Soo +3 E (20)

1,) from (18) for i=1, j =0 we will get

S
S,,=S,, +ﬁ(2ah ~1)+ L S (1)

gFh S,

We make the same replacement as in
(20):

S =7 (2ah—1)+ 0.
Fh

10

Then expression (21) can be written as
follows:

=1
S11 = SlO +S—. (22)
&

Continuing this process, we determine
Sy, and S, by the following method:

2;) from (17)at i=0, j =1 we will get:

Syp = Sop+—(1+ 2ah)—Li =
&Fh &Fh S,
T
= SOO + ﬁ(l-'_ Zah)— (23)
S, +(2ah—1) & 4+ L So
T gkh  &Fh S,
&Fh Spo +—(1+ 2ah)—ii
&Fh &Fh Sy,

By accepting E:y simplify the ex-
&

pression we will replace

S
S, + u2(2ah—1)—"— 4 42 L 20
W_Tﬂm ﬂ( )Fhlthslo
l_ =
Fh T r S
Spo+ 1t ——(1+2ah)—pu— 10
00 'th( ) 'th S,
_7 Sl
Fh S, ¢

If we take into account this expression in
(23), we obtain:
~1

Spp =S 1+S—
&

2;) at i=1j=1, we will define S,,
from (18) as follows

T S

S,.=S,,+—(2ah-1 =0t

12 11 th( ) h Sll

S

S +(2ah+1)- - - F >0
R ( )th Fhs, @

g + 7 (2ah-1)+ L 0

&Fh &hS,

Continuing this process along the vertical
line at j=1M, we define all S;; and S, ;.
Taking into account that at j=1M -1 all
S,; and S;; are determined, at
=0, =M —1 we get from (17)
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__v _SlM -1 (25)

h omM-1

Sovt = Sous +ﬁ(1+ 2ah)

Using this, after expansion in series, we
can write the last result in the form:

~1
Som =Somag TS —.
£
Here Sy, is already known.
My) from (18)in i=1, j=M -1 we get

T T S
Sy =S;yy +—(2ah—1)+ — =ML
m = Sua g (28 —Lq+ 2 (26)

So continuing this process, we get:

!
Sy =Sy, +S—.
&

Thus, in j =1, M from the formulas (21)
- (26) with initial conditions (16), we can
determine all S, ; and S, ;

3;) from (18) in i=2,j=1 we can
determine S,, as follows
S,, :821+ﬁ(2ah—1)+ﬁ2—z:821+
T Sy
Fh S,
t S,

T
5.+ 7 (2ah-1)+ & w0
ot o (2 )+th520

S,, +(2ah —1)% +

+—(2ah-1)+
&Fh &Fh

S
S,, =S, +—(2ah—1)+ 1
&Fh &Fh S,
Then, starting from (18) in
i=2,j=0,M -1 we will obtain all S, ;. Conti-

nuing this process, in j =1, M we find all Si |

=1
S; =S4 +5=,
&

i=2,N, j=1LM. (27)

As can be seen from the above scheme,
two types of patterns were used to calculate
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Si'j at all nodal points. One of them discreti-

zes the derivative the step z forward, the ot-
her one step z back.
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RELAKSASIYA USULUNDAN iSTIFADO EDOROK KVAZIXOTTIi
TONLIiYIN HOLLi UCUN HESABLAMA ALQORITMI

R.M.Tagiyev, O.Z.Namazov
Bu isdo neftin gaz-lift tisulu ilo hasilatinin modellagdirilmasinds garsiya ¢ixan boyiikparametrli xiisusi toramoli
diferensial tonliklor sistemi {igiin Kosi masalasina baxilir. Daha sonra alinmig hallorin hesablanmas: {igiin relaksasiya
isulundan istifads edilir. Bu formada masslonin aragdiriimasi hoall tisulunu xeyli sadslosdirir va imkan verir ki, toklif
olunan hall algoritmlarinin kompiiter realizasiyasini sona kimi apara bilok.

Acar sozlar: qaz-lift, hiperbolik tonliklor, diferensial tanliklor, govma disulu, sabaka iisulu, relaksasiya iisulu

BBIYMCJUTEJBHBINA AJITOPUTM JIJIS1 PEHIEHUS KBASUJIMHEMHOI'O YPABHEHUSA
C IOMOIIBIO METOJA PEJIAKCALIUHN

P.M.Tarues, O.3.Hama3zoB
B pabote paccmatpuBaetcs 3amada Komm mist crctemsl auddepeHnnanbHBIX YPaBHEHUH ¢ YaCTHBIME TIPOU3BOIHBI-
MH C OOJIBIINM TTAPaMETPOM, OTIHCHIBAIOIINX MOJICIMPOBAHIE TOOBMH He()TH METOIOM TrazimudTa. 3aTeM ISl BRIYHACICHUS
TIOJTYYCHHBIX PEIICHUH HCTIONIB3YESTCsl METO] perakcaiy. ViceaenoBanue 3a0a49n B Takoi (hopMe yIIpoImaeT METo | PEIeHHs

1 1aCT BO3MOKHOCTD JOBCCTU 10 KOHIIA KOMITBIOTCPHYIO PCATTN3AINI0 NIPEJTAraCMbIX aJITOPUTMOB BbITUCIICHUA.

Knrouesvie cnoesa: zazmugpm, eunepbonuueckue ypasuenus, ouggepenyuanviovle YpasHeHus, Memoo NPo2oHKU,
Memoo cemox, Memoo penaxKcayuu
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