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SOLUTION OF ONE MIXED PROBLEM FOR A NONHOMOGENEOUS HEAT
EQUATION WITH TIME ADVANCE IN THE BOUNDARY CONDITIONS

Academician of ANAS Y.A.Mammadov, H.l.Ahmadov

In this paper one-dimensional mixed problem for a nonhomogeneous heat equation with time
advance in nonlocal boundary conditions is studied. Under minimal conditions on the data, the
unique solvability is proved and an explicit analytic representation is obtained for the solution.
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Statement of the problem
Suppose, that L(O%,;—X]u(x,t):ut(x,t)—azuxx(x,t) ,
Lux)=u(xt+1-jlo)+ ajul-—x t+ jo)
(j=0,1)and
Lu(x,t)=a; ,ul™?(x,t) +b,_u?@-x, 1)
(j=2,3), where a, o, a;j, aj, b (j=0,1)
a=z0,

are real-valued constants, w>0,

ao * al E= 0
In semi-stripe IT={(x,t); 0<x<1,t>0}
the following mixed problem is considered

Lu(x,t) = f(x,1),(x,t) eIT, Q)

u(x,0)=e(x), 0<x<1, 2)

Lu(t)| =50,
t>0,]=0,1, (3)

L) _ =), 0st<w,j=2,3, (4)

where f(x,t), ¢(x), v (t) (k=0,1,2,3) are
given and u(x,t) desired are functions.

As a solution of the problem (1)-(4) we
understand function u (x,t), which is

1) uxt)ec? @) NCO<x<1, t>0);
2) lju(xtecOs<x<1 t>0), (j=0,1);
3) Lu(xt)eC(O<x<l 0<t<w):
(i=34)
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4) u(x,t) satisfies equalities (1)-(4) in
common sense.

Among the large number of works devot-
ed to general and qualitative problems for equa-
tions with deviating arguments, as well as
works for the heat equation, where the func-
tional conditions are posed instead of the
boundary conditions, we note [5-11]. The
mixed problem for the heat equation with a de-
viation of the argument in the boundary condi-
tions was considered in [12]. The problem (1) -
(4) is not covered by these studies.

Here, by combining the residue method
and the method of the contour integral of acad-
emician M.L. Rasulov [2], [3], prove the exist-
ence and uniqueness of the solution of the
mixed problem (1) - (4) and obtain an explicit
analytic representation for it.

The uniqueness of the solution. Consider
the mixed problem (1), (2), (4) in the rectangle
O0<x<1l,0<x<w.

Using substitution
u(x,t) =ov(x,t)+w(x,t) (5)
from this problem we pass to the next mixed
problem under homogeneous boundary condi-
tions

Lw(x,t)=F(x,t), 0<x<l, O0<t<w, (6)

w(x,0)= f(x), 0<x<1 (7)
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ij(x,t)‘xzo =0,0<t<w, j=2,3, (8

where
Pt foon- Y2®  bws®  xys®, (9)
, ’ ag+by (ag+by)(ag+b) a +b
F0=p0)-Y2@ _ bvs©®  xy50). (10)
ag+by (ag+by)(a+b) a +b
v(x,t) = v (1) _ bow (1) . Xa(t). (11)
" oag+by (g +by)(a +by)  a +by

According to the general scheme of the
residue method, first the mixed problem (6) -
(8) is matched by two problems with a complex
parameter fi.

A. The Cauchy problem

?;_ﬂZT:F(X,t),OStSa), (12)

T(x,0)= f(x), 0<x<1. (13)
B. The spectral problem
a’y"—u?y =h(x), (14)

Ly =0, (15)

where h(X) - some continuous function on
[0, 1].

If a,b, +bya, = 0 then for all complex val-
ue u#p, ,Where . (5ive?—a?)atszami
y=0+1+2.., A=2agh +bya, , B=-aa —byb ,
there exists Green’s function G,(x,¢&, ) of
problem (14), (15), analytical on x everywhere ,
except for points u, that are its poles. It is
clear that |u,|—>o (v —>o) , there exist
h>0, 6 >0 such that

Outside o > 0- neighborhoods of points
4, , the estimates are valid

akGl(X,f,ﬂ)

) < i, 0y

k=0,12. (17)
Take the following notations:

Suppose, that b>0, r>0, z=x+iy

complex variable, Ly, = {z: Rez? = b} - hyper-
bola with branches 1} ={z:Rez? =b, +Rez>0},
Q, =1{z:|4=r}.

Introduce also contours (broken line)

[b = I:J[; U I:Ba

—3—”i
8

ﬁﬁz{z:iz=ae

,O'E[Zb 1+\E,wj}u

3.
U{z:iz:c(1+in),ne[—l—ﬁ,lhﬁ]}u{z: iz:o—e?,ae{Zb 1+\E, oo]]

Let {r,} be a sequence of numbers such
that

O<n<ry<..<r, <., limr, =+0

V—>0
and circles ©, do not cross & >0 - the neigh-

borhood 4, .

Using the scheme of the residue method
[3] for an ordinary problem (a problem without
time advance) (6) - (8) it is proved that if it has
a solution, then this solution is represented by
the formula

Wit = 3 res [ G, (6 £, T (& ) (18)

and by transformation and justification of this
formula, taking into account (5) for problem
1), (2, (4) (in the rectangle 0<x<1 ,

~h<Rey, <h, \ty1—p,|>25,  0<t<w)isproved
(v=12.). (16) Theorem1. Let agb, +bya, #0 |
p(x) eC?[0,1] , |j(0‘X:0:0 ( j=23),
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=0
x=0

(j=2,3), w,t)eC'0, ], (k=2,3) and
(ap +by)(@, +b,) #0 . Then the problem (1),

(2), (4) has a unique solution and it is repre-
sented by the formula

f(xt)eC® (01]x[0,0])) ., I;f

t b t X . (t
u(x,t) = 210 o3 (1) N !//3()Jr
0 b 0 X, (0
+o(X) - v (0) + w5(0) B ‘//3()+
ap+by (8 +bg)(a, +by) a, +by
2 2 1 t )
+a*i [t td:uJ.Gl(Xvévﬂ)|:¢”(§) + e e (g,r)dr}dg +
S 0 0
+j Foory-e@  bws@ X V/é(f)}dr (19)
o , ag+by (ap+by)(a, +by) a, +b

at 0<x<1, 0<t<w, where h a number from
(16). From this theorem the following is true:

Theorem 2. Under the conditions of
Theorem 1, problem (1) - (4) cannot have more
than one solution.

Indeed, if problem (1) - (4) would have two
solutions u, (x,t), u,(x,t), then their difference
v(x,t) = u, (x,t) —u,(x,t) would be the solution
of the homogeneous problem (with @(x) =0,
f(x,1)=0, w, (t)=0, k=1 4) (1)-(4), and by
that the homogeneous problem (1), (2), (4) in
{(x,t): 0<x<1, 0<t<w}. Then, by virtue of
(19), v(x,t)=0 at 0<x<1, 0<t<w and
from conditions (3) it follows that
v(0,t) =v(,t) =0, at t >0, whence, taking into
account the maximum principle [1], we conclude
that (x,t)=0 B {(x,t): 0<x<1, t>0}.

The existence and presentation of the

solution. Now consider another spectral prob-
lem:

L(i,ﬂzjz(x,ﬂ) =0
dx
z(0,4)=0, z(LA)=0

(20)

with complex parameter A . It is known [4] that
it has the Green function G, (x,&, 1) which is

analytic by A4 everywhere, except the points

MBRUZOLOR —<«p—

A =arki (k=+1, +£2,...) which are its sim-
ple poles.

Introduce the function

Q(x, 4, p(4),q()) =

-1 i, »
j {ea (p(/l)e 2 —q(/l)j+

+e§x(q(z)—-p(z>e3)}, (21)

Il
VR
[9>)

|
(SR
|
D
o [~

where

2 1 2 2 %
p(L) = (a1 e —aOT {ale‘ "’[(//0(1) +et "’.[e" Iu(O,t)dtJ -

0

- ao[.;l(/l) + ale‘Z“Te**‘u (1,t)dtﬂ, (22)
0

. 1 “
q(l) _ (0‘1 eZ/,Zm _ aOT |:E;Lzm(|/71(l) + alefw-l'e-;_ztu(l’t)dt] _

0

[&ou) +e‘2”]oe*‘u(o,t>dtﬂ, (23)
0

where
7o ()= ey, (O, (k=0,1),  (24)
0

u(s,t) he boundary value of the solution on the
parts {(s,t): 0<t<w, s=0,1} of the lateral
boundary of the domain {(x,t): 0<x <1, t >0},
which are determined from (19).

Theorem 3. Suppose, that a b, +b,a, #0,
pec’o1] . ligl =0, ( j=01),
I =0

Let’s fix the number c, > max{o,m %o

a

It is proved

f(x,t) eC??([0,1]x[0,0))
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(i=01), ;) eCo0), (j=0,1) and
(ag +bg)(a; +b;) =0 . Then the problem

(1)-(4) has the classical solution and it is repre-
sented by the formula

u(x,t) :(p(x)—j f(x,7)dz +
0

2 2 1 ! 2
+% | [leﬂ‘{{Gz(x,g,ﬂ)[¢”(§)+£e'lng% (& r)dr |dé -

N+
LCl

~Q(x.4,0(0), p(®) a2 +% [2e"'Q(x.2, p(2).q(2))d - (26)

Remark. Combining Theorems 1 and 2,
we obtain the final statement: Under the condi-
tions of Theorems 1 and 2, the main problem
(1) - (4) has a unique classical solution and it is
represented by formula (26).
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SORHOD SORTLORINDO ZAMANA GORO GECiKMO OLAN HALDA QEYRI-BiRCINS
ISTILIKKECIRM®O TONLIiYi UCUN QARISIQ MOSOLONIN HOLLI

Y.9.Mammodov, H.I.Ohmadov

Bu isdo yarimzolaqda sorhad sortlorinde zamana gore siirligmo olan halda qeyri-bircins istilikkegirmo tonliyi
iiclin birdlgiilii qarisiq masaloys baxilmigdir. Masalonin malumlar: {izorine minimal sortlor daxilinde hollin varlig1 vo
yeganoliyi isbat olunmus vo hall {i¢lin agkar analitik ifads alinmisdir.

Acar sozlar: qarisiqg masala, zamana gora gecikma, ¢ixiglar iisulu

PEIIEHME OJHOI CMEIIAHHOM 3AJJAYM /151 HEOJJHOPOJHOI'O YPABHEHUSI
TENJIOMPOBO/JHOCTH CO CMEILEHMEM BPEMEHH B TPAHUYHBIX YCJIOBUSIX

10.A.MamenoB, X.U.Axmen0B

B sroit pa60Te HCCIICAYCTCS OAHOMCpPHAA CMCIIaHHad 3aJa4a i1 HECOAHOPOAHOI0 YpPaBHEHM TCIJIONIPOBOAHOCTH,
C OTKJIOHCHUEM BPEMCHU B HCJIOKAJIBbHBIX I'PAHUYHBIX YCJIIOBUAX. HpI/I MUHUMAJIbHBIX YCJIOBUSX Ha JAaHHBIC NOKa3aHa
OAHO3HAaYHasA paspeliMMOCTb U MOJYUCHO IBHOC aHAJIUTUYCCKOC NPEACTABICHUEC JI PCIICHUS.

Knroueswie cnosa: cmewannas 3a0aqa, OMKJIOHEHUe no 6peEMeRU, BbIUEMHbBLIL Memoo
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