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FINDING THE FRACTIONAL ORDER OF THE OSCILLATOR SYSTEM BY
THE ASYMPTOTIC METHOD IN THE DISCRETE CASE
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In practice, for example, at the production of oil by a rod pump, the movement of the spring is
described by either differential or difference equations, and then, an asymptotic separation is ob-
tained to determine the fractional order in discrete conditions.
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Introduction

We know that the motion of oscillation
systems inside a fluid is described by the fol-
lowing second-order differential equation with
fractional derivatives [1-5,10]:

my"(x)+aD” y(x)+by(x)=f (x), x>0, ¢ €(1,2), (1)
and an initial condition

{y(0)=0

2
y'(0) = Yo @

BI \\ \“\ \—

Fig.1. The motion of oscillation systems
inside a fluid

where a=2s\/np,b=k , Mis mass, Sis a hard
plate area, # is the density, # is Newtonian flu-
id viscosity, K is spring constant, f(x)is exter-
nal force. Let's determine the substitu-

1
tiona =& . Given that our equation includes a

small parameter, then the problem we are con-
sidering will be in the form (2)-(3).
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y"(x)+eaD” y(x)teby(x)=¢f (x), x>0, @ €(1,2), (3)
where a,b and Yy,, are constants, £>0 is a
small parameter, o € (1,2), f (x)is continuous
real unction, y(x)is desired function. We bring

the Cauchy problem to the Il type Volterra in-
tegral equation[6-9]:

y"(x)+ j K, (x-t)y"®)dt=F(x),x>0, (4

where

K, (x—t) =g{a%+b(x t)}(S)

(1)(—_0()' + bx} 3&0} (6)

Discretization algorithm. Discretize
equation (1), (2) for even and odd index we
have:

F(x)=g{f(x)—{a

Yok :(z_hKa(XZk—Z_XZk—3))y2k1 (-1-2nK ( k-2~ Kok 3)_
_hKa (szfz - XZk—A)y2k—2 -
2%-3
_hz Xo o =X o) = 2K, (X5 =X ) + K, (Xoy o =X )Y +
+2hKa( k-2 )yl ( 2%k-2 Xo)yo_
_hKa(sz—z_X1)y1+h F2k—1( £) (7)
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Yo = (3= 20K, (Xp 5 = X 5) = 20K, (o4 = %o 2))Vops +
H=2+ 40K, (Xyy = Xy 5) = 20K, (X 5 = X5 4) —

=K, (R s = Xay ) + 20K, (o4 4 = X 5)) Vo 0) =
%-3

-hY 2K, (X, -
m=2

+2Ka(X2k72 - Xm) + Ka (XZk—l

+Ka (XZk—l - Xm))ym + h(4Ka( 2%-2

+2K, (X = %) = K (X = X))y, =

(2K, (Xp = %)+ K, (X1 = X)) Yo + 2h2F2k72 (e)+

h?F,,_,(¢),k>1 (8)

Xa) = 4K, Xy = Xpg) +

m- 2) 2K ( 2k17xm—1)+
0) 2Ka( 2k72_X1)+

Wk:(y2k jkzo 9)

2k+1

The system of algebraic equations (7) and (8) is
collected in W, . If we consider them in (9), we
obtain

k-2
W, = A“D ()W, + DAY ()W, +

j=0
+h? ﬁn(&‘),kZl (10)
where

AD (g) = {Al“)(g) Afj)(é‘)}

06 A )

Al (£) = =1+ 20K, (Xp 5 — Xy 5) =
—hK, (Xa 5 = Xp4)s )

(2k_1) (8) =2- hKa (sz—z - sz—s)’ (13)
Az(r_l)(g) =2+4hK ( 2k-2 _sz 3)_
= 20K, (Xyyp = Xop_s) = MK, (Kypy = Xy _0) +
+ 20K, (Xp 1 = %oy 3), (14)
AS () =3-2hK , (Xpp 5 — X 5) =
—hK, (X5 = Xa3) o
A1(1kj)(5)=_h[Ka(sz72 Xoj-2) = 2K, (oo =Koy 1) +
+Ka(X2k_2_ij)]lj:1’ B ’ (16)
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+K, (%, = 21+1))’j:1’

A () =-h(2K,
+2K (X, — X

(X = %10) = 4K, (X = Xp) +
1)+ Ko (K =X 0) =
2! 1)+K ( k-1 2,)),j=1,k—2, (18)

_ZKa(sz

Az(;)(g):_h[ZK (K =X 2j- 1)K, (% 5 - 21)“L
+2Ka(x2k—2 2]+1)+K ( %1 21 1)_

_ZKa(XZk—l )+K (x *1T 2]+1)]j:11k_‘2- (19)
O () =—hK_, (X, _, — %), (20)

(20) (6) =2hK, (X, = %) —hK, (X, — %), (21)

Aéf) (6) =—h[2K,, (X3, = %) + K, (X5, = X)], (22)

Ag) (¢) = hr'Ka (Xpeo = Xg) = 2K, (Xpy 5, = %) ‘j
u ZhKa (sz—l - Xo) - Ka (sz—l - Xl) (23)

'Ekl(g) =Fy(€)= g{ fus {a Y +hx

(].—O!)! 2k1‘|y10} (24)

Fro(g) = 2F, , () + Fypy_ () =

Xo o
ZSJL for o — [a (1ik;)l + bxzk_z}ylo} —+

Xok1
+g{f2kl_|:a(l—a)!+b 2k 1}3/10} (25)

W, =W, (¢) = A’(£)W, +(:; iJA(’(g)WO T

-1 2\~ ~
+ (_ 2 3anl(5) + |:n (‘9) :WOn + ‘ngn (26)

W (e
IR AG

Wop =0 W == 27)
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w3 (3 2wel): TR A

Yoks1
1 2) . . —ZA1 )y 2Fk11(6)+3Fk1 (& )+Fk2 ) (30)
LB LARILIE (28) S
Presentation of the solution via a
Then it is taken from here that:

Z2A° (£) Y, +2A% (£)y, —F (e (&) +
y2k~ P )y0~ Aale),~Frenle) Yaci1 with respect to @ and make some nota-
+2 F (k-12(&) + Fra(e) (29) tion:

Now let's line the expressions Yo and

¢ o= 2(—h[2(‘9[a(x2k72 — X, ) +b(Xy , — xo)])+ (g[a(kafl — Xy )+ b (X, — xo)])])yO +
+2(h(4(5[a(xzk72 - Xo)"‘ b(X2k72 - Xo)])_ 2(5[a(xzk72 - X1)+ b(X2k72 - Xl)])_'_
+2(5[a(X2k71 - Xo)"‘ b(XZk—l - XO)])_(g[a(XZk—l - Xl)+ b(x2k—1 - Xl):l))) Y1 (31)

Vo = (~N(6(£[a( Xy, =X ) +b00, =1) )+ 4(2[a (%01 =% )+ 06, =4) [ D)Yo +N(E2( [ @ (K, =% ) +B K, =) ])-
(g[a 2k-2 X1 ) ((a(xzkl )+b( k1~ 0)))_4(€(a(xzkfl_X1)+b(X2kfl_X1))))y1_
(5{ focs [aXZK 3+ DXy 3]ylo})+3(25{ fos [aXZK—A +bx2k-4]y10}+5{ f2k—3_[aX2k—3 +bX2k-3]ym})+

{

+(2e foy [axzk 2 T0Xy 2]Y1o}++5{ fas [aXZH +bX2HJ ylo}) (32)

@ =z<4({{{{—(xm )ty =5 I ) o mfdﬂm{{f{(—(ﬂﬂ ) tels ‘%’}L[‘{‘“ - fe ]”’dam])y"
it o e o e

i o B -ej —X €
| [ e e [ e sl {(xx.—xmx“—x)}[ s ] “‘“‘*]
=gt fa-ayy a-a e

oo e r e e oL
z{{(fxm lnr,H)f[ Hau :Fe f mmﬂy.o} (33)

(b))l 3) eyl Jot - (620 s s =5 W) Jet -
@ =|2(-H2 = 7((1',_}4 —xp) bn{xyy 5 7;{0)Tg—‘t Inidt + [(7 (g0 — %) ]Te"! hzldl}] - 1l|+4 = 7((1371 —xp) Iy, 7;{0)];2"1‘ In tdt +((7 (2t — o) )Te"! Inzldl}] - Dy +
—(— (x5~ %o) Tg“z hzdzI(—)?,Te“.: hrdt] —(— (20— %) Te".: Tn 1dt (—)ZTz“z lnrdt}
R P Py I A E 71‘,){7}% m:dr]f (s =) 1820~ - —) Il )[ ge": m:dr]f

+8 -[(xu_,-xu) In()ru_,—lq)ze"f Intd1+[(—(xu_,—1,) Ee"t In’rdz]]- 4 -[(]u_,-x,) In(IU_,—I,)_[x'I In!dr+[{—(]”_,—1,) )ug"r In’rdz]]- b+
—[—(xu,,—xn) Ie"r In #dt (—)251;"1 Inzdr] —[—(xu,,—xl) Ig"z mzdr][(—)zze"r Inrdr]
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SRR RIS, Sy, S —x,.}{'—iw lnw]— (s 50 T )~ ) Tl —x.){'—feﬂr an]—
4 —{Lm-.—xf.) Iz, | —x,)] ¢t Lnfah[(—(xn.. —x) fer Lu’faY]]— "= —[(xm —x) tnr,, , —x)f 1 mfa?+|:(—(xn-L—x.) Fer fd]]— "=
—[—{xu_, —x,) Te*: lufaﬁ]((—)zie*! In!aY] —[—(xu_,—x,) Te"! In fe (—)2?.9"( I.n!aY]
5 M 3 b

7 om
() s ) s - ot Lnfav]—
- —[(xn.,) g, et Infm[{—(xn.,) Jeme e fa?]]—

- ' @
—|:—(xn__‘) [et I.n!a?) 2fee I.u!a?]
a S

O R h«(xn-ﬂ)[— for mav]— {Gxnaes) 102 ms D (- Goracs) m{xm-‘)[— for mm}—

+ 4=

-1

- [(xu-q) ity o] ot st (G} e mzm]]— b+ 2 d —[(xﬂ_l) i f ot tnsr (- () ot m]]_

- (— [ ] Eg"r m:d&}z(—)zzg"t mm‘r] - (— {722 Eg_‘t m:de(—)zEg"r m:da-]

((x:l.t—l ) n? (xl.t—l )}7 [7 (X:Lk—l) In (X:Lt—l ){7 T e ¢ In fd‘) - |

+ £1 4] 7((;:1*_1) Inf x4, )Te"r n rdr+((f E ] )Te“r n? rerJf ¥ 10
o 0

,(, Cener} J:gff; In mrfI(f)z;fe*fx In rdr) (34)

‘3

| {{{HLH B T Mm] H
s s (s e ]
b k{H&H e *&,)}{4;:,_,4 =) I’ﬁ wﬂ}&{(’&n—: —3q) Il 5~ J){*(x,“ =} Ie*r T.nr‘fa:Lr
ok +&5{F(&H —x, ) I, *%)]{7(,*,,, —x,) ;;"z*, hm@]f u{[—(;;“ ) I, =, 3},[_&:“ —x) }f’; md,]] i

a—at =¥
—{c{[{—:&“ hva.,;)—[—hn Ee‘r lnrer}m}}&{[(-% [ o (e je‘: h-rdr]}»m}ﬂ—:a{[(w.u ln-m.z)—(—xm Ie*r Jnrda}ag}»r
+HE[(—.‘;M hu,,,;){—x_n jeﬁ huda]ym}-e-n[(—_rm km_H)—(—xn Eeﬂ I.m'd'a}.vw] o

r{{{(—(zh—-—u) s 2 raa ) s Intrk]m+
L i
" +<H{(—[xm ) o )| e ) mdjm
+m{(—[xm. Ny P )}—[—[x,“. ) fare nmd%]— aa{(—txm. - ))—[—crm ) Jore mﬂ}
: +&i{(—(ﬁ4 =) oy, —za))—(_("m ) I"#f hlrer—ztg{((lx L) 'v(lmﬂ.))_[ Gags) 3?’ lnm'r]] :

a—a (=TS
—{c{[(—xa__, lnx”_J)—(—x“_J Ee"r Inrd;J}uo}J+ﬁz{[(—xH I, , )—(—xM Ie"r hltd;J}’lo}+1{[(ﬂcM Inx, , )—(—x,‘_i Ie"r lmdﬂ)ym}-:-
e SR S GRS W

(a0 102 G — 20 D= G0 B s —x.,){—}:e*ff I et | —
choa {(xu,fx.,) s s —xf e s [ G ) foe wrdr]} N
—[— (%22 2 — X0 } Ie”r In rdt)[(—)zie*’r l.nrdt)

Gara =) 0% G =3 )= G =) Moy =)~ Jo s et )

dhsal — [(Xlt—l —x, ) Infx,, , —x, )}e_’r In rdr + [(7 (Xar 2 —2,) )Te_’r In® rerJ —

—[— (%222 — 7 } Te”r In tdt)[ (—)z?e*’r In m‘t)
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+ 2hea

- [— (o a— ) J-'e-’: n rdrI(—)2T¢‘r n rdt)
—[—(:a._; —x) !9”: lnm'zI(—)z_! o't lnm‘:]

+ Bhea

—[—{x,H =) Ie"t mm‘rI(—)szr hm‘:)

—[—(J‘-;H —x} re“‘r I relr (—)ZTe"x I m’z]
@ 3

(ae ) 107 G o) (- Crans) nn(xzk,,){— Joe mrdr]—

—ze - [(xn_, )] h](x:j,_))Te"t In et + ((— (e s P }Tg*t n Zrdw)J — |rao+es

- (7 (20} Ie"t““ In fd.r][(—}lie—'f In tdt)

((vas—s) 127 (ras)— ( Grans) (xm){f Jae mrdr}

25 —[(xmi) ln(xz,,z)fe"t In £edt 4[(— (xass) )];e”t Inztdt]]— (V1o b+ 25

_(_ (ras_s)} T‘ﬁ: lnidtI(—);.’Te”l n fdf]
° °

@

Then the expressions (29) and (30) get the fol-
lowing simple form:

2
a
Y =P TP+ ?(02 (37)
2

o
Yon =¥t oy, + EWZ (38)

Construction of quadratic functional

Given the method of least squares, we can
write the corresponding quadratic function as
follows:

k-1

J(e)= ), W, ()W, RO, ()W) =

k-1
RW,,+ Y W, RW, = Jg+ed, (39)
n=0

!
!

k-1 k-1
st st
—e) W, W e W,
n=0 n=0

(s 2 = %0} 107 (35 2 =60} (= Grans = 32) 0 (oas —&){—Te"r n rd'ﬂ)—[(%m =) Tl —%)Te"r ' fﬂ'H[[— o =) )Te"r \h’ﬂ'ff]] —}
] 3

(e 2 =} 17 (Go 0 — %0 W= (a2 =30} T2y — %]{—TE‘I 2] rdr]—-{fx“_: =g} Wl5,_5 —Wu)fe“f n nﬁ’f{(—(xuq =) ﬁe"r Tn’frfr]] —}
W 3 (]
=

(rane =) 12 0eis — ) Couma— ) Balxs *%){*IS”I In tﬂ'-'] *[(’&&—1 —x) Mﬁ:-;*a)zéﬂt b efr+ [(* (g — ) Ee’? h’?dr]] ]
by +

E}

(Gees —50) 102z = Y~ Crr — %) h(m-.—%){—i-*"‘ hm")—[(xﬂa-l —x} I xy —»'1)]:9*1 n m’r+[(—(x,,_1—:q} ):_[s”r lnjrzz':]]—ll B

(G )07 G D= () (x,H){—Ie-'r In rdr) -

= [(xn_‘,} Ing xn_,)Tg*t In tdt + [ (- Crana = )j’eﬂr n? rdr]] S PP
7(7 (xona) Te"t In tadt (—}Zfe—'t lntd‘t)

(Erna) 17 Gna))- ) o) o msar )

,((xl.q) R P lntd't+[(— (vae) et ln’tdt]]— Vo b+

{(xlk_l} In(x,, }Te"f In idt + ((— (hgs) ]T et In? fdt)} -
red| - ((le} In(sz)Te"t In fdt +((7 (%5000 ]T 27t In ztdfﬂ — 1

- (— (¥3s) [e7t 0 m’t}[(—)z]ﬂ e m tda‘)

£ (_ (%22} :.i'e”f In m'rI (-)2?;»#: In ldf)
° o

Vio (36)
= ' st st
Jy==> (W, RW ™ +W " RW,,) (41)
n=0

Separation of « with o, anda,
If we take W a column vector consisting of

X1
X2
of « inthe form (a, +¢a;) and found:

kﬁ[w(awml)%] R[m}[m] R[fﬂﬁ(aoﬂal)f/)z ]:0
mWttenly,) \n) () i+,

g[%”(% +6a,)9, ]' R{%]{L ]' R(apﬁs(ao +6a,)9, ]:0

olev relatea)v,) (1) \n) \ev +ela,+ea )y,

any fixed numbers( j and take the separation

Therefore, in the system of equations differs

S only in terms of the parameter «.
st st
Jy = Zown RW, (40)
Zl(ol + Zl(ao + 50!1)¢)2 + szll + ZZ (ao + gal)l//z +
200+ 10(0 + €)@, + 10+ 7, (g + €0y, =0
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+
o, +ea, = X0 T W 42)
X192+ XV,

Consider the expression (42) as a linear
) _ XLt W
separation B 090, + 2y, =0
then @ = ;.
According to, for n:

2 3 n
0(0+80(1+8 a2+g a3+...+g 0{n+...

2 3 n
0[0+80{1+{;‘ (12+8 (13+...+8 Otn+...

_ XY@+ XV -0
XP + XY
a,=0,a,=0,..,0,=0,..

Result. So the « found in the given prob-
lem is «,. Thus, we can propose the following

algorithm:
The values of the parameters a,b, f and the

number of 1, n -distribution points are given.

x e€[0.1,1]and « € (1,2) and ¢ - the value of the
smallest parameter of the problem is given.

An initial condition y(0) =0, y,, =1is included

For each nW, («),W, ()] =12k -1 calculated
by formulas (26) and (27).

According to formulas (39)-(41) J,(«),J,(a)
and J(a) calculated.

Using the golden division method, we select the

condition HJ(a*)—(a)H<81 and checked it. If

the condition is met, the process stops, other-
wise proceed to step 5.

Let's check the result on an example.

Example: Let's solve the example given
in [1] by entering a small parameter.
1.In the problem (2),(3) a=3,b=1, f=8.
2.Distribution interval of xe[0.1,1],n=10,
I=5,h=1_0'1,Aa=1'9_1'1, £ =10°

n I

3. W (@)W, (2)j=12k-1, Jy(a), I, () and
J(a) calculate.

MBRUZOLOR —<«p—
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4. a a, =1.1we solve the problem by con-
tinuing the calculation process until the follow-
ing condition «, is satisfied using the golden

rule: |a, — | <& and found o =1.67192

40

dependence gradient of alfa
alfa

35_5 ..... ..... SR R R ‘

2001

HA872
¥ -7 107e-006

2U— S RTINS SN TRIR  WWRTATIC ISR SNTPIRE | SPRUORTIE  SRTTE. s

SR i ...... i T PR RRF SRR ERER RN

i) SR O, - U S, N S S N i

Fig.2. Dependence gradient of alfa

The results obtained by changing the
number of distribution points and the value of
the small parameter ¢ are given in the table be-
low.

Table 1
Distribution Distribution Received Small
points of x points of a o parameter
10 5 1.7487 107(-1)
1.6870 107(-2)
1.6737 107(-3)
1.6721 107 (-4)
1.6719 107(-5)
1.6719 107(-6)
50 10 1.5841 107(-1)
1.5918 107(-2)
1.5945 107(-3)
1.5949 107(-4)
1.5949 107(-5)
1.5949 107(-6)
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OSSILLATOR SISTEMIN DiSKRET HALINDA ASIMPTOTIK USUL
iLO KOOSR TORTIBIN TAPILMASI

A.F. Rasulzada

Praktikada elo mosalalor var ki, masalon, stanq nasos ila neft hasilinds, prunjerin harakati ya diferensial, ya da
farq tonliklori ilo tasvir edilir.Qoyulmus masaloys € kicik parametr daxil edarok asimptotik ayrilisi vermok {igiin avvalca
kosr tortib téramanin analitik tasviri verilir vo bu zaman intervallarinda harokat tonliklori diskretlosdirilir sonda isa dis-
kret soraitda Kasr tortibin toyini tigiin asimptotik ayrilig alinir.

Agar sozlor: ossillator sistemi, kasr tortib toroma, kicik parametr, ikinci tortibli Volterra inteqral tonliyi, qizil
balgii iisulu, kvadratik funksional, an kicik kvadratlar tisulu

HAXOXJIEHHUE JPOBHOI'O ITIOPAIKA CUCTEMBI OCIIWJJIATOPOB
ACUMIOTOTHYECKUM METOAOM B JUCKPETHOM CJIYYAE

A.®. Pacya3ane

Ha mpaxtuke, Hanpumep, npu 100bde HEQTH IITAHTOBBIM HAaCOCOM JIBH)KEHHE MPY)KHUHBI OMHCHIBaeTCs JIHOO0
muddepeHmanbHBIME, MO0 Pa3HOCTHBIMHM YPAaBHEHUSIMU AMCKPETHO, U B UTOTE TOJIy4aeTCsl aCUMIITOTHYECKOE pasjie-
JICHWE IS OTIpeJIeNICHUs IPOOHOTO MOPSIIKa B IUCKPETHBIX YCIOBHUSX.

Knruesvte cnosa: cucmema ocyunisimopos, napamemp npou3eo00HOU OpOOHO2O0 6bIYUMAHUS, UHMEZPANTbHOE
ypasnenue Bonvmeppa 6mopo2o nopsaoka, mMemoo 30J10Mmo20 0elehust, KeAOPAMUUHbLil (YHKYUOHAL, MemOo0 HAUMEHb-
wux K8aopamos
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