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THE SUBDIFFERENTIAL OF THE FUNCTIONAL IN TWO-DIMENSIONAL 

ABSOLUTELY CONTINUOUS FUNCTIONS 
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The subdifferential of a functional of a special form in the space of continuous functions, in the 

space of absolutely continuous and two-dimensional absolutely continuous functions in the work 

studies. The work studies the subdifferential of the integral and terminal functionals on the space of 

two-dimensional absolutely continuous functions. Two different norms are considered in the space of ab-

solutely continuous and two-dimensional absolutely continuous functions, showing that the subdifferentials in 

these norms coincide. Using these equalities, subdifferentials of integral functionals are studied. Next, 

an analogue of the lemma of the classical calculus of variations for two-dimensional absolutely continuous 

functions is proved. Using this lemma, we study the subdifferential of the terminal functional in the 

class of two-dimensional absolutely continuous functions. 

 

Keywords: subdifferential, integral functional, terminal functional, function, set 

          

1. Introduction 

The work studies the subdifferential of 

the integral and terminal functionals in space of 

two-dimensional absolutely continuous functi-

ons. The work is a generalization of some re-

sults of the work in [1,2]. Such a problem in 

]T,t[W 0
n

1,p  studied in [3]-[5].  

When studying nonsmooth variational 

problems, an important role is played by the 

study of the conjugate function and the subdif-

ferential of the integral functional. In [6-9], the 

subdifferential of a convex integral functional 

in spaces of two-dimensional absolutely conti-

nuous functions was studied. This paper studies 

the subdifferential of the integral functional in 

the class of two-dimensional absolutely conti-

nuous functions and its subspaces. The paper 

shows that the subdifferential of the integral 

functional in the class of two-dimensional abso-

lutely continuous functions is closely related to 

the subdifferential of the integral functional in 

the class of continuous functions. The subdiffe-

rential of a terminal functional and the sum of 

several functionals from the  class of two-di-

mensional absolutely continuous functions are 

also studied. 

If  p1 , ,Rd
n

  ],T,0[L)(x
n
p  

]S,0[L)(y
n
p  and ])S,0[]T,0([L)(z

n
p  , then a set 

of functions that have the form   

         
t

0

s

0

s

0

t

0

dd),(zd)(yd)(xd)s,t(u  

denoted by ])S,0[]T,0([A
n
p  . 

It follows that d)0,0(u  , )t(x)0,t(u t  , 

)s(y)s,0(us   and )s,t(z)s,t(u ts  . 

It follows that there exist 

])S,0[]T,0([L]S,0[L]T,0[LR))(),(b),(a,c(
n
p

n
p

n
p

n
 

, 

1
p

1

p

1 


, such that every linear continuous 

functional 
 on ])S,0[]T,0([A

n
p  ,  p1 , (i.e. 


 ])S,0[]T,0([A

n
p )  has the form:   

 








T S

ts

S

s

T

t

dtdsstustdssusb

dttutaucu

0 00

0

)),(),(()),0()((

))0,()(())0,0(()(





.

 

For simplicity, the functional 
  is deno-

ted by  ))(),(b),(a,c(  , i.e. ))(),(b),(a,c( 
 . 

The set ])S,0[]T,0([A
n
p  ,  p1 , with norm 

)s,t(umaxu
]S,0[]T,0[)s,t(C

n
p 
  denote by 
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])S,0[]T,0([C
n
p  , where 2

1

))s,t(u()s,t(u
n

1i

2
i



 . 

 2. About subdifferential of the integral 

functional in )D(C
n  

Let be D a compact metric space. Thro-

ugh )D(C
n  denoted by Banach space continu-

ous mappings (vector functions) from  D  in 
n

R  with the norm  .)t(xmax)(x
Dt

C
n



  Through 

)D(frm  denoted by vector space of all Radon 

measures in D (see [3, p.65 ]. There is iso-

morphic correspondence between spaces 
*n

)D(C and n
)D(frm , established by equality  

 





n

1i D

ii

D

d)(y)d)(y()y(y , where )D(C)(y
n

   

and n
n1 )D(frm),,(    (see Theorem 

1.5.8[5, p.138 ] ) . 

Let n
n1 )D(frm),,(   , )D(frm ,  

)E(d)()E( s

E

  Lebesgue expansion of 

the measure   with concerning  , where  

)D(L))(,),(()(
n
1n1   ,  

))E(,),E(()E( nn11   , n1 EEE   , s  is 

a singular relative   vector measure. 

Let }{RR   and  RRD:g
n - 

normal integrand on n
RD . Let's consider 

functional  
D

d))(y,(g)y(J   at  the )D(Cy
n

  

and put it  })y(J)d)t(y({sup)y(J
D)D(Cy

**

n
 


 . 

Subgradients  J at the point  )D(Cy
n

   

are  definitions on the elements   *n*
)D(Cy    

for  which 

)yy(y)y(J)y(J
*

   at everyone  )D(Cy
n

  

or that is equivalent to )y(y)y(J)y(J
***
  .    

A bunch of everyone such subgradients  are 

denoted by through )y(J  and  are called sub-

differential  functional  J at the point  y . 

Let's put  }.)y(J:)D(Cy{JdomQ
n

  

Lemma 1. If  g  convex normal integ-

rand on  n
RD , exist )D(Cy

n
  and  0r   

such that function  )z)(y,(g   summable  for  

,Rz
n

  rz  ,   

then  

 


 
D

**
Q

***
),y(d))(y,(g)y(J

s

 
where  )E(d)(y)E( s

E

 
   Lebesgue de-

composition of a measure   relatively   , 

)y(Q - indicator  function  sets Q ,  

)d)(y(sup)y(
D

s
Qy

**
Q s  


 . 

Corollary 1. Let convex normal integ-

rand on n
RD , Qy  and  Qint . Then 

*n*
)D(Cy  , where )E(d)(y)E( s

E

 
 , be-

longs the set )y(J   in only that case when 

))(y,(g)(y 
 at D  and )d)(y()y(

D

s
**

Q s   
 . 

Note that if If  Qint)(y   then 0y
*

s
  If  

Z is a dense subspace in )D(C
n , then by repla-

cing  )D(C
n everywhere  on Z it is easy to check  

that statements similar  to  lemma 1 and corol-

lary  1 are also  true  in  Z . 

3. About subdifferentiability of the in-

tegral functional in   ]T,t[W 0
n

1,p   

Symbol  ]T,t[W 0
n

m,p denoted by Banach 

space of absolutely continuous  together  with 

its  derivatives  before  order   

1m  inclusive mappings segment ]T,t[ 0  

in n
R , the derivative  in which  belongs 

]T,t[L 0
n
p , where  Tt0 . 

Let 
 RR]T,0[:

n
1

and 
 RR]S,0[:

n
2

 

be normal integrands. Let's put 



T

0

1 u(t,0))dt(t,)u(J
1

and 


S

0

2 s))dsu(0,(s,)u(J
2

whe-

re ])S,0[]T,0([Au
n
p    p1  . 

Lemma 2. If ))(),(b),(a,c( 11111 
 and 

))(),(b),(a,c( 22222 
 , that 


 )(J 11

and 




 )(J 22
then 0)s(b1  , 0)s,t(1  and 

0)t(a2  , 0)s,t(2  . 

Thus, a study of the subdifferentiability 

of functionals 

T

0

1 u(t,0))dt(t,)u(J
1

and 
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

S

0

2 s))dsu(0,(s,)u(J
2

 in ])S,0[]T,0([A
n
p  ,  p1  

leads to a study of subdifferentiability of func-

tionals 


T

0

1 x(t))dt(t,)x(J
1

and


S

0

2 y(s))ds(s,)y(J
2

 in 

spaces ]T,0[W
n

1,p  and ]S,0[W
n

1,p respectively. 

Let  Tt0 , 
 RR]T,t[:

n
0

and 

 

T

t0

x(t))dt(t,)x(J . 

A bunch of ]T,t[W 0
n

1,p  with the norm 

]T,t[t 0

)t(xmax)(x


  let's denote ]T,t[C 0
n

1,p . It's 

clear that *
0

n
1,p

*
0

n
1,p ]T,t[W]T,t[C  .   

Let   R]T,t[W: 0
n

1,p  convex function. 

Subdifferential of a function  at a point x  

relative to space ]T,t[W 0
n

1,p (relatively  

]T,t[C 0
n

1,p )  denote by ))x(()x( CW  . Clo-

sure and interiority of a set M in space 

]T,t[W 0
n

1,p   ( ]T,t[C 0
n

1,p )  denote  accordingly 

Mcl W  and )Mint,Mcl(Mint CCW . 

Lemma 3. If  a lower semicontinuous 

proper sublinear function in ]T,t[C 0
n

1,p ,  then 

)x()x( WC    at  ]T,t[Cx 0
n

1,p . 

Let  R]T,t[C: 0
n

1,p  be a function. The 

closure in ]T,t[C 0
n

1,p  of a function    is  a sign 

of Ccl  and the closure in ]T,t[W 0
n

1,p  of a func-

tion   is a sign of   Wcl . 

Lemma  4. If   is proper convex, in par-

ticular sublinear in  ]T,t[C 0

n

1,p  function     is 

continuous  in domint C   and  

 domintdomint WC ,  then   WC clcl .  

If  Z  normed space,   RZ:h convex  

function and hdomz , then putting  

))z(h)hz(h(lim)z;z(h 1

0





. 

Lemma  5 . If   proper convex functi-

ons in  ]T,t[C 0
n

1,p ,  domintdomint WC ,  

   is continuous in domint C ,  )x(C or 

)x(W  is non-empty,  then ;.)x(cl;.)x(cl WC  . 

Lemma 6.  If   RR]T,t[:
n

0  nor-

mal integrand, ]T,t[Lx 0
n
p  and   )x(J   is fi-

nite, then dt))t(x;)t(x,t()x;x(J
T

t0




 at  ]T,t[Lx 0
n
p . 

If ));t(x,t(   normal convex integrand,  

then  );x(Jdomint);x(Jdomint WC 
 . There-

fore, by  lemma 4 we have that if 

);x(Jdomint C 
 (or );x(Jdomint W 

 ) is non-

empty,  then )x(J)x(J WC   . 

Lemma 7. Let   be a convex normal 

integrand, there exist function ]T,t[W)(x 0
n

1,p0   

and 0  so and so that function  )x)t(x,t( 0   

is summable at  n
Rx , x , where   0 ,  

]T,t[W)(x 0
n

1,p  and  );x(JclC 
  is proper func-

tional,  then  )x(J)x(J WC   . 

4. About subdifferentiability integral  

functional in  ])S,0[]T,0([A
n
p   

Let be  RR])S,0[]T,0([:g
n  proper 

convex function. Let's put 

 
T

0

S

0

g dtds))s,t(u,s,t(g))(u(J . 

The subdifferential of a function ))(u(Jg   

at a point u  relative to space ])S,0[]T,0([A
n
p   

(relative to space ])S,0[]T,0([C
n
p  )  will 

denoted by )u(JgA p
 ( )u(JgC p

 ). The remaining 

designations are also similar to section 3. 

Lemma 8. If   R])S,0[]T,0([C:
n
p   is 

a lower semicontinuous proper sublinear 

function in ])S,0[]T,0([C
n
p  , then )0()0(

pp AC  . 

Lemma 9.  If  is  proper  convex, in 

particular sublinear  in  ])S,0[]T,0([C
n
p     func-

tion     is continuous  in  domint
pC   and   

 domintdomint
pApC ,  then  .clcl

pApC    

Lemma  10.  If  
 RR]S,0[]T,0[:g

n   convex 

normal integrand, ])S,0[]T,0([Lu
n
p  and )u(J g  is 
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finite, then dtds))s,t(u;)s,t(u,s,t(g)u;u(J
T

0

S

0

g     at  

])S,0[]T,0([Lu
n
p  . 

If ));s,t(u,s,t(g   normal convex integral, 

then );u(Jdomint);u(Jdomint gAgpC p
 . Therefore 

if );u(Jdomint gCp
 (or  );u(Jd o mi n t gA p

 ) is not 

empty,  then )u(J)u(J gAgpC p
 . 

Lemma 11. If g  is a convex normal in-

tegrand and in point  ])S,0[]T,0([A)s,t(u
n
p    

function z)s)(t,us,(t,g   summable in 

]S,0[]T,0[   for n
Rz , rz  , where   0r  ,  

then for each )u(JgA p


  there is a function-

al )u(Jy gCp


  such that )u(y)u(


  for 

])S,0[]T,0([Au
n
p  , where   


T

0

S

0

dtds))s,t()s,t(u()u(y , 

))s,t(u,s,t(g)s,t(   and  ])S,0[]T,0([L
n
1  . 

Lemma 12. Let  g  is a convex normal 

integrand, there exists ])S,0[]T,0([A)(u
n
p0   

and  0 such that function  )z)s,t(u,s,t(g 0   is 

summable at  n
Rz , z , where  0 ,  

])S,0[]T,0([A)(u
n
p   and )u;u(Jclu gC p

  is 

proper  functional, then )uJ()uJ(
pp AC  . 

5. Subdifferential of terminal  func-

tional in  ])S,0[]T,0([A
n
p   

Let  p1 , 1
p

1

p

1 


. Let's put it  

))S,T(u),S,0(u),0,T(u),0,0(u(q)u(Jq  . 

Lemma 13.  If  ))(),(b),(a,c( 
 and 



)(Jq , then there exists a vector 

n3
21 R)d,d,d(  such that n

1 Rd)t(a  , 

n
2 Rd)t(b  , n

Rd)s,t(  and  

)d,dd,dd,dddc(q)(J 2121q 
 . 

Corollary 2. If  q  is a convex function 

and  )u(J))(),(b),(a,c( q
 , then there 

exists a vector 
n3

21 R)d,d,d(   such that n
1 Rd)t(a  , 

n
2 Rd)t(b  , n

Rd)s,t(   and 

)),(),,0(),0,(),0,0((),

,,( 2121

STuSuTuuqdd

ddddddc



 . 

6 . On the subdifferentiability of sums 

of integral  functional in  ])S,0[]T,0([A
n
p   

Let  RR]S,0[]T,0[:g
n ,  

 RR]T,0[:
n

1 ,  RR]S,0[:
n

2  

normal integrands,  RR:q
n4 . 

Let us consider the subdifferentiability 

of the functional 
   

)),(),,0(),0,(),0,0((u(s,0))dt(s,

 u(t,0))dt(t,tdss))du(t,s,g(t,(u)J

0

2

0

1

0

S

0

p

STuSuTuuq

S

TT







 





in  the ])S,0[]T,0([A
n
p   space, where  p1 . 

Let's put 

)),(),,0(),0,(),0,0((

)(s))dt,u(0,(s, (u)F ,u(t,0))dt(t,

)(,tdss))du(t,s,g(t,(u)F

3

0

22

0

1

1

0

S

0

0

STuSuTuuq

uF

uF

ST

T









 


  

})u(F:])S,0[]T,0([Cu{Q 0
n
p  ,

  
})x(F:]T,0[Cx{Q 1

n
1,p1  ,

  
})y(F:]S,0[Cy{Q 2

n
1,p2  . 

Theorem 1. Let  RR]S,0[]T,0[:g
n , 

 RR]T,0[:
n

1 ,  RR]S,0[:
n

2 be con-

vex normal integrands,  RR:q
n4  is a con-

vex function, there exists a function 

])S,0[]T,0([Au
n
p0   and a number 0r   such 
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Theorem 2.  Let 
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n
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n
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7 . About  subdifferential non- convex 
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in space  ])S,0[]T,0([A
n
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Theorem 3.  If the conditions of lemma 

14 are satisfied and  )u(I))(),(b),(a,c( pC
 , 
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ĠKĠDƏYĠġƏNLĠ MÜTLƏQ KƏSĠLMƏZ FUNKSĠYALAR SĠNFĠNDƏ 

FUNKSĠONALIN SUBDĠFERENSĠALI HAQQINDA 

 

М.А.Sadıqov 

 

İşdə kəsilməz funksiyalar fəzasında, mütləq kəsilməz və ikiölçülü mütləq kəsilməz  funksiyalar fəzasında xüsusi 

formalı funksionalın subdiferensialını öyrənir. Mütləq kəsilməz və ikiölçülü mütləq kəsilməz funksiyalar fəzasında iki 

müxtəlif normaya baxılır və bu normalardakı subdiferensialların üst-üstə düşdüyü göstərilir. Bu bərabərliklərdən istifa-

də edərək müxtəlif inteqral funksiyaların subdiferensialları öyrənilir. Sonra ikiölçülü mütləq kəsilməz funksiyalar sin-

fində  klassik variasiya hesabı lemmasının analoqu isbat olunur. Bu lemmadan istifadə edərək ikiölçülü mütləq kəsilməz 

funksiyalar sinfində terminal funksionalın subdiferensialı öyrənilir. 

 

Açar sözlər: subdiferensial, inteqral funksional, funksiya, çoxluq 

                  

О СУБДИФФЕРЕНЦИАЛЕ ФУНКЦИОНАЛА В ДВУМЕРНЫХ 

АБСОЛЮТНО НЕПРЕРЫВНЫХ ФУНКЦИЯХ 

 

М.А.Садыгов 

 

В работе изучается субдифференциал функционала специального вида в пространстве непрерывных 

функций, в пространстве абсолютно непрерывных и двумерных абсолютно непрерывных функций. В простран-

стве абсолютно непрерывных и двумерных абсолютно непрерывных функций рассматриваются две различные 

нормы и показано, что субдифференциалы в этих нормах совпадают. Используя эти равенства, исследуются 

субдифференциалы различных интегральных функционалов. Далее доказывается аналог леммы классического 

вариационного исчисления для двумерных абсолютно непрерывных функций. Используя эту лемму, изучается 

субдифференциал терминального функционала в классе двумерных абсолютно непрерывных функций. 

 

Ключевые слова: субдифференциал, интегральный функционал, функция, множество          


