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THE SUBDIFFERENTIAL OF THE FUNCTIONAL IN TWO-DIMENSIONAL
ABSOLUTELY CONTINUOUS FUNCTIONS

M.A.Sadygov
(Presented by Academician of ANAS F.A.Aliev)

The subdifferential of a functional of a special form in the space of continuous functions, in the
space of absolutely continuous and two-dimensional absolutely continuous functions in the work
studies. The work studies the subdifferential of the integral and terminal functionals on the space of
two-dimensional absolutely continuous functions. Two different norms are considered in the space of ab-
solutely continuous and two-dimensional absolutely continuous functions, showing that the subdifferentials in
these norms coincide. Using these equalities, subdifferentials of integral functionals are studied. Next,
an analogue of the lemma of the classical calculus of variations for two-dimensional absolutely continuous
functions is proved. Using this lemma, we study the subdifferential of the terminal functional in the

class of two-dimensional absolutely continuous functions.
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1. Introduction

The work studies the subdifferential of
the integral and terminal functionals in space of
two-dimensional absolutely continuous functi-
ons. The work is a generalization of some re-
sults of the work in [1,2]. Such a problem in
W, [to, T] studied in [3]{5].

When studying nonsmooth variational
problems, an important role is played by the
study of the conjugate function and the subdif-
ferential of the integral functional. In [6-9], the
subdifferential of a convex integral functional
in spaces of two-dimensional absolutely conti-
nuous functions was studied. This paper studies
the subdifferential of the integral functional in
the class of two-dimensional absolutely conti-
nuous functions and its subspaces. The paper
shows that the subdifferential of the integral
functional in the class of two-dimensional abso-
lutely continuous functions is closely related to
the subdifferential of the integral functional in
the class of continuous functions. The subdiffe-
rential of a terminal functional and the sum of
several functionals from the class of two-di-
mensional absolutely continuous functions are
also studied.
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If 1<p<wo , deR", x() e LY[0, T],
y() e L3[0,8] and z() e L}, ([0, T1x[0,S]), then a set

of functions that have the form

u(t,s)=d+ _t[X(t)dt + }y(v)dv + Jt'j'z(‘r, v)dtdv
0 0 00

denoted by A7([0,T]x[0,S]).

It follows that u(0,0)=d , u,(t,0)=x(t) ,
ug(0,s) =y(s) and u,(t,s) =z(t,s).

It follows that there exist
(€.a(),b(), v()) € R" x L [0, TIx Ly [0,S]x L ([0, TIx[0,S)
s+=1, such that every linear continuous
functional v on AJ([0,T1x[0,S]), 1<p<w, (i..
v e Ap([0,T]x[0,8])") has the form:

v (u) = (cu(0,0)) + J.(a(t)\ut (t,0))dt +

+ j(b(s)\us(o,s))ds + ”(u(t,s)‘uw (t, s))dtds -

For simplicity, the functional v* is deno-
ted by (c,a(),b(),v()), i.e. v'=(c,a(),b(),v()) .
The set AJ([0,T]x[0,S]) , 1<p<e , With norm
Jol, =

max  Ju(t,s)] denote by

(t,5)€[0, TI[0,S]
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Cp ([0, T1x[0,S]), where |u(t,s)|| = (ﬁ U ()2 .
i=1

2. About subdifferential of the integral
functional in c"(D)

Let be ba compact metric space. Thro-
ugh c"(p) denoted by Banach space continu-

ous mappings (vector functions) from D in
R" with the norm |x()|.. = max|x(t)|. Through

teD
frm(D) denoted by vector space of all Radon
measures in D (see [3, p.65 ]. There is iso-
morphic correspondence between spaces
c"(p)” and frm(D)" , established by equality
Y () = [0l =3 [y, ), » Where y()ec"(D)
D

i=1p

and  x=(,...,A,)efrm(D)" (see Theorem

1.5.8[5, p.138]) .
Let A=Qy,....A,)efrm(D)" , pefrm(D) ,

AE) = [p(v)du+2,(E) Lebesgue expansion of
E
the measure . with concerning p, where

(V) = (@1(V), -, 9, (V) € L1(D)
ME) = (M (Eq),.. Ay (Ep)) y E=E;x---xE,, A IS
a singular relative p vector measure.

Let R,, =RU{+x} and g:DxR" R, -
normal integrand on DxR". Let's consider

functional J(y) = [g(v,y(v))dn at the yec"(D)
D

and putit J7(y;)= sup {J(y(®]dr)-I(y)}.

yeC" (D) D

Subgradients Jat the point
are definitions on the elements
for which

Jy)-IH) 2y, (y-9) at everyone yec" (o)
or that is equivalent to J'(y;)+3() =y, () .
A bunch of everyone such subgradients are
denoted by through ai(y) and are called sub-

differential functional Jat the point y.
Let's put q=domi={yec"(D):i(y) < +w}.
Lemma 1. If g convex normal integ-

rand on DxR", exist yec"(D) and r>0

such that function g(v,y(v)+z) summable for
zeR", | <r,

then

yeC"(D)
y; €C"(D)’
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() =9 (v.y" (M)du+384(y;. ),
D
where  A(E)=[y"(v)du+i (E) Lebesgue de-
E

composition of a measure » relatively u,

8o(y) - indicator function sets Q ,
85(y5.) = sup [ (y(v)|da,) .
yeQ D

Corollary 1. Let convex normal integ-
rand on DxR", yeQ and intQ=@ . Then

y, eC"(D)", where A(E)=[y"(v)du+Ai(E), be-
E

longs the set ai(y) in only that case when

y*(v) edg(v,y(vyat ve D and S*Q(yzs): I(V(V)‘dks) .
D

Note that if If y()eintQ then y’;s =0 If
zis a dense subspace inc" (D), then by repla-

cing c"(D)everywhere on zit is easy to check

that statements similar to lemma 1 and corol-
lary 1arealso true in z.
3. About subdifferentiability of the in-

tegral functional in - w,[t,, T]
Symbol  w;[t,,T] denoted by Banach

space of absolutely continuous together with
its derivatives before order
m -1 inclusive mappings segment [t,,T]

in R", the derivative in which belongs
L3[to, T], Where —so <ty <T < +0.

Let ,:0.TxR" >R, and ,:[0,s]xR" >R,
be normal integrands. Let's put

T s
3y, = [yt onat 8 5, )y 60,9y WHE-

re ue Ap([0,T1x[0,S]) 1<p<oo .

Lemma 2. If v;=(c;,a;(),b;(),v,()) and
v3 =(62,2,(),by(),0,()) , that Jy (vi) <+w and
J,,(v3) <+ then by(s)=0 , wvy(ts)=0 and
a,(t)=0, v,(t,s)=0.

Thus, a study of the subdifferentiability

of  functionals le(u):}\ul(t,u(t,o))dt and
0
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JWz(u)=T\u2(s,u(0,s))ds in A ([0, TIx[0,8]) , 1<sp<oo
0

leads to a study of subdifferentiability of func-

. ; < .

tionals ;- fy,exoa @d 5 ()= jy,6yEnes 1N
0 0

spaces W;,[0,T] and W,,[0,S] respectively.

Let —OO<t0<T<+001 \I/[t[)r-l—]XRn_>R+°o and

.
J, () = [w(t,x(®)dt .
to

A bunch of w[,[t,, T] with the norm

[x()|= max|x(t)| let's denote Cpi[t,, T] . It's
tefty,T]

clear that CJ,[to, T = Wyy[to, TT .

Let ¢:W,,[t,, TI>R,,, convex function.
Subdifferential of a function ¢ at a point x
relative to space wp[t,, T] (relatively
Cpilto.T1) denote by o,,¢(x) (0ce(x)) . Clo-
sure and interiority of a set M in space
Wpiltg, T1 (Cpalte, T1) denote accordingly
cywM and int,, M(clcM, inte M).

Lemma 3. If ¢ a lower semicontinuous
proper sublinear function in cj,[t,,T], then
9co(X) = 0we(X) at XeCpyty, T].

Let ¢:Cp,lt,, TI—>R,., be a function. The
closure in cj,[t,, T] of a function ¢ is a sign
of cl.e and the closure in w,[t,, T] of a func-
tion ¢isasignof clye.

Lemma 4. If is proper convex, in par-
ticular sublinear in C7[t,,T] function ¢ is
continuous in int; dome and
int . dome = int, dome =&, then cl.o=clye.

If z normed space, h:z— R, convex
function and z e dom h, then putting
h(z;z) = Iki%%(h(2+kh)—h(2)) :

Lemma 5. If ¢ proper convex functi-

ons in  Cp[ty,T], intc dome=int,, dome = ,
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¢ IS continuous in intcdome , d.p(X) Or
dwo(x) 1s non-empty, then e ;) =dye':) -
Lemma6. If y:[t,, TIxR" >R, hor-
J, ) s fi-
nite, then J’W(i;x):}\u'(t,i(t);x(t))dt at xeL’[ty, T]-

to

mal integrand, xeLj[ty, T] and

If y'(t,x(t);) normal convex integrand,
then  intc domJ;, (X;) =int,, dom J,(x;) . There-
fore, by lemma 4 we have that if
intc dom J, (%) (Or inty, domJ;, (X;) ) is non-
empty, then o.J, (%) =oyJ, (X) .

Lemma 7. Let y be a convex normal
integrand, there exist function x,()ew,[t,, T]
and ¢>0 so and so that function (t, x,(t) + x)
is summable at xeR", |x|<&, where ¢>0,
X() e Wy[t,, T] and  clcJ, (x;) is proper func-
tional, then o.J, (%) =0yJ, (%) .

4. About subdifferentiability integral
functional in A7 ([0, T1x[0,S])

Let be g:([0,T]x[0,S))xR" - R, proper
convex function. Let's put

TS
Jo(u() = [[a(t,s,u(t,s))dtds.
00

The subdifferential of a function J,(u())
at a point U relative to space A}([0,T]x[0,S])
(relative to space C{([0,T]x[0,S]) ) will
denoted by o, 3,(1) (9¢ J4(@) ). The remaining
designations are also similar to section 3.

Lemma 8. If ¢:Cj([0,T]x[0,S) »R,, s
a lower semicontinuous proper sublinear
function in CB([O,T]X[O,S]), then 9¢,0(0) = 0a, (0) -

Lemma 9. If is proper convex, in
particular sublinear in cy([o,T]=[0,S]) func-

tion ¢ is continuous in intc dome and

int ., dome =int, dome =2, then cle,p=cla o
Lemma 10. If g:[O,T]x[O,S]xR” —-R,, COnVeX

normal integrand, o<ty Txo:sh and J,(U) is
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finite, then J;](U;u):ﬁg’(t,s,ﬁ(t,s);u(t,s))dtds at
00

ue L ([0, TIx[0,S]) .

If g'(t,s,u(t,s);) normal convex integral,
then int., dom 3 (@) = it dom J (T;) . Therefore
if intc domJy (@) (Or ing dod(U)) is not
empty, then dcydg W) =0, J4(U).

Lemma 11. If g is a convex normal in-
tegrand and in point T(ts) e Ap ([0, T1x[0,S])
function g(t,s, U(t,s) +z) summable in
[0,T]x[0,S] for zeR", |z<r, where
then for each v* €, 35(0) there is a function-

r>o0,

al y* € ¢, 14 (0) such that v*(u)=y*) for
S
ueA,([0,T1x[0,S]) , where y*(u)=}j(u(t,s)\m(t,s))dtds,
00
o) eog(ts.acts) and e Li([0,T]x[0,S]) .
Lemma 12. Let g is a convex normal
integrand, there exists u,()eAJ ([0, T1x[0,S])
and e>osuch that function g(t,s,ug(t,s)+z) IS
summable at

zeR", |f|<e, where e>0,

U()e Ay ([0, T1x[0,8]) and u—clg Jg (U;u) is

proper functional, then dc, ) = 0, (@) .

5. Subdifferential of terminal func-
tional in A7 ([0, T]x[0,S])
Let 1<p<+eo, 2+1=1. Let's put it

Jq(u) =0q(u(0,0), u(T,0), u(0,S), u(T,s)) .
Lemma 13. If v*=(c,a().b(),v()) and
then
(d,,d,,d)eR®* such that
b(t)=d, eR", v(t,s)=deR"and

J(v)=q"(c—d, ~d, +d,d, —d,d, —d,d).

(V) <40, there exists a vector

a(t)=d, eR"

Corollary 2. If g is a convex function
and  v*=(c,a(),b(),v()) edl (@) , then there
exists a vector

(dy,d,,d) e R*"
b(t)=d, eR", v(t,s)=deR" and

such that a(t)=d; eR" ,
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REPORTS

(c-d,-d, +d,d, —d,d, -
—d,d) e aq(T(0,0),d(T,0),T(0,S),d(T,S))
6 . On the subdifferentiability of sums
of integral functional in AJ([0,T]1x[0,S])

Let g:[0, T]x[0,S]xR" > R

+o0 1

v, [0, T]xR" >R v, :[0,S]xR" >R,

+oo 1

normal integrands, q:R*" >R, .

Let us consider the subdifferentiability
of the functional

J,(u) = j j g(t, s, u(t, s))dtds + j w, (t, u(t,0))dt +

+ i% (s,u(s,0))dt + q(u(0,0),u(T,0),u(0,S),u(T,S))

0
in the AJ([0,T]x[0,S]) space, where 1<p<+o.
Let's put

F,(u) = j j g(t,s,u(t,s))dtds, F,(u) =

= [y, uo)dt, F,(u) = [y, (s,u(O,s)dt, Fy(u) =

=q(u(0,0),u(T,0),u(0,S),u(T,S))
Q={ueCy([0, T1x[0,S]) : Fy(u) < +oc},
Q; ={x e Cp4[0, T]: R (X) < +oc},

Q, ={y € Cp4[0,S]: Fy(y) < +oc}

Theorem 1. Let g:[0,T]x[0,S]xR" - R,
v, [0, TIxR" >R, , v,:[0,S]xR" >R, be con-
vex normal integrands, q:R* - R, iS a con-
vex function, there exists a function
Up € Ap([0,T1x[0,S]) and a number r>0 such
that the  functions gt s,uy(ts)+y)
vyt Uug(t0)+Yy), w,(s,uy(0,s)+y) are summable
at yeR",|y|<r and a(uo(00).us(T.0).ug(0.5).uy(T.S)
finitely, teAJ([0,T]x[0,S]).

Then v =(c.a(),b(),v() edl, (@ if and
only if there exist measures ;. e frm(o, T]x[0,5))" ,
wefrm[0,T]", yefm[0,S]" and (c,d,,d,,d)eR*"

such that
1) v'(u) = (€ —d, —d, +du(0,0)) +
+(d, —du(T,0)) +(d, —d[u(0,S)) + (d[u(T,S)) +
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TS T S
+ [ [ (u(t,9)|dn) +[ (u(t,0)[dp) + [ (u(0,s)|dy) at
00 0 0

ue A0, TIx[0,S]) ,
2) o(t,s) eag(t,s, U(t,s))
3) C‘)l(t) € a\Vl(tl U(t,O)) 1

4) ®,(S) € Oy, (s,u(0,9)),
5) (c-d,-d,+d,d,—-d,d, -
—d,d) e oq(T(0,0),u(T,0),u(0,S),u(T,S)),

TS TS
6) max [[(u(t,s)drs) = [(T(t,s)[dr,),
usQ oo 00
T T
7) max [ (x(t]dns) = ] @t.0)dws)
Xe 10 0

S S
8) max [ (y(s)|dvs) = [(T(0,9)[dy,) ,
yeQz g 0
where A(E) = [[w(t,s)dtds +(E) ,
E

w(Ey) = Joy (t)dt +ug(Ey)
E

V(Ep) = ,[(’02 (s)ds +y(E,)
=

Lebeg decomposition i, p and v
respectively.

Theorem 2.  Let g:[0,T1x[0.S]xR" >R,
v;:[0,TIxR" >R, , v,:[0,S]xR" - R, be con-
vex normal integrands, q:R*" - R, a convex

function, there is a number r >0 such that the

functions ot s, ut,s)+y) , y(tLUE0)+y)
W, (5,U(0,8) +y) are summable at
yeR", |y[<r and the number
q(U(0,0),u(T,0),u(0,9),u(t,s)) is finite. Then

v'=(c,a(),b(),v() eadl, (@ if and only if

a() e WL[0,T], b()eW[0,S], v()e AT ([0, T]x[0,S])
and u(T,s)=v(t,S)=const for te[0,T], se[0,9]
such that

1) v (t,s)eag(t,s,u(t,s)),

2) v, (1,0)-a(t) € By, (t,T(t,0))

3) v (0,5)—b(s) € by, (s,1(0,3)) ,

4) (c—a(0)—b(0) +v(0,0),a(T) — (T ,0),b(S) -
-0(0,S),0(T,S)) € 6q(T(0,0),
(T,0),T(0,S),u(T,S))

MBRUZOLOR —<«p—
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7 . About subdifferential non- convex
functional

Let  f:[0,TIx[0,SIxR" >R, ;  ,:[0,TIxR" >R, ,

0,:[0,S]xR" »R,, LxB-measurable integrands,

q:R™->R,, . Let us consider the
subdifferentiability of a  non-convex
functional

I, (u) = j j f(t, s, u(t, s))dtds + j @, (t, u(t,0))dt +

+ J.(pz (s,u(0,s))ds + q(u(0,0),u(T,0),u(0,S),u(T,S))

in space AJ([0,T1x[0,S]) Where 1<p<-w.
Lemma 14. If functions (t,s) - f(t,s,z),
t—o,(t,u;) , s—>o,(s,v,) measurable , exist
functions k() e L, ([0, T1x[0,S]) ,
Ky () e Ly[0,T1, k, () e L,[0,5],
where k(t,s)>0, k,(t)>0, k,(s)>0, numbers
A>0 and such that
[f(t.s,0)-f(t,s, w)| < k(t,s)jo-w| at Jo-T(ts)|<a,
[w-T(ts)|< o, |o(t,x)— oyt x;)| <Ky (D)x — x| at
[x-Tto)<a, |x -Ut0)|<o,

a>0

o2 (8. %) — @ (8, %) < K, ()X - %y at|x-T(0,s)|<a,
%, - @(0,s)| <,
lau,,u,,ug,u,) = 9,(2,,2,,25,2,)| < A(Ju, — =2, +
+uz =25+ us = 25+ u, — 2,
at |u, -T(0,0)|<a, |z, -T(O0)| <0, fu,-u(T0)<a,
|z, -G(T.0)|<0, |us=T(0,8)| <0, [z5-T(0.S)|<a,
Jlus = G(T.9)||< o, |z, ~T(T,S)|<e and 1,(@) is
finite, then functional 1 (u) satisfies the
condition Lipshits in neighborhood points
u() In AJ([0, T1x[0,S]) -

Let be x a Banach space, g:X—>R_, ,
x,edomg . If g is the Lipschitz function is
near x,, then let us put (see [8, p.32])

g[l](XO;X) = lim sup g(y+7‘x)_g(y) ’
y—Xg, A0 A

0c9(Xy) ={x" e X* :gm(xo;x)2<x*,x> at xeX}.
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IKiDOYiISONLIi MUTLOQ KO9SIiLMOZ FUNKSIYALAR SINFINDO
FUNKSIONALIN SUBDIFERENSIALI HAQQINDA

M.A.Sadiqov

Isda kesilmoz funksiyalar fozasinda, miitleq kesilmez va ikidlgiilii miitloq kesilmoz funksiyalar fozasinda xiisusi
formali funksionalin subdiferensialin1 6yranir. Miitloq kasilmoz vo ikidl¢iilii miitloq kasilmoz funksiyalar fazasinda iki
miixtolif normaya baxilir vo bu normalardaki subdiferensiallarin tist-iista diigdiiyii gostorilir. Bu baraborliklardon istifa-
do edarok miixtalif integral funksiyalarin subdiferensiallar1 6yronilir. Sonra ikidl¢iilii miitlaq kasilmaz funksiyalar sin-
finds klassik variasiya hesabi lemmasinin analoqu isbat olunur. Bu lemmadan istifads edarok ikidlgiilii miitlag kasilmaz
funksiyalar sinfinds terminal funksionalin subdiferensiali 6yranilir.

Agar sozlar: subdiferensial, inteqgral funksional, funksiya, ¢oxlug

O CYBJUDPDPEPEHIIUAJIE ®YHKIIUOHAJIA B IBYMEPHBIX
ABCOJIIOTHO HENTPEPBIBHBIX ®YHKIHUAX

M.A.Caapiros

B pabore wm3yuaercs cyomudpdepennpan QyHKIHOHAIA CICIHAIBHOTO BUIAa B MPOCTPAHCTBE HEMPEPBIBHBIX
(GyHKIUH, B IPOCTPAHCTBE a0COIOTHO HEMPEPHIBHBIX U ABYMEPHBIX aOCOIOTHO HEMPEPBIBHBIX (pyHKIMI. B mpocTpan-
cTBe aOCOJIFOTHO HEMPEPBIBHBIX U IBYMEPHBIX aOCOIIOTHO HEMPEPHIBHBIX PYHKIIHMI PacCMATPUBAIOTCS BE Pa3IHYHBIC
HOPMBI H TI0Ka3aHO, 4To cyOauddepeHnnansl B 3THX HOpMaX COBHANAIOT. MCIONB3yst 3TH paBEHCTBA, UCCIECIYIOTCS
cyomuddepeHnransl pa3InaHbIX HHTETPAbHBIX (yHKIHOHAIOB. Jlanee JOKa3bIBACTCs aHAIOT JIEMMBI KIACCHYECKOTO
BapHAIMOHHOTO MCYHMCIICHUS ISl TBYMEPHBIX a0CONFOTHO HENPEPBIBHBIX (QYHKIWA. Vconb3ys 3Ty JIeMMy, H3y4aeTcs
cyonuddepeHnman TepMHHAIBHOTO (PYHKIIHOHANA B KJIACCE IBYMEPHBIX a0COIIOTHO HETIPEPBIBHBIX (PYHKITUH.

Knroueswie cnosa: cyoougpepenyuan, unmespanvuviti QYHKYUOHAL, QYHKYUS, MHONCECTBO
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