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ALGORITHM FOR SOLUTION OF LINEAR QUADRATIC OPTIMIZATION PROBLEM
WITH CONSTRAINT IN THE FORM OF EQUALITIES ON CONTROL IN A CERTAIN
PART OF THE TIME INTERVAL

N.S. Hajiyeva', M.M.Mutallimov*?, Academician of ANAS F.A.Aliev*?

In this paper the linear quadratic optimization problem is considered. In current problem the-
re is a CONSTRAINT in the form of equalities on the control actions in a known part of the time in-
terval. Constructing extended functional, the corresponding Euler-Lagrange equations are descri-
bed. Solving these equations, control actions and the corresponding trajectory on each part of the
time interval are constructed, i.e. on the part where there is no limitation on control and vertical
external force, on the part the control has a limitation. The results are illustrated by the example of
vertical movement and hovering of a flying object at a certain height under action.

Keywords: linear quadratic optimization problem, Euler-Lagrange equation, control action,
optimal program trajectory, the system of linear algebraic equation

Introduction

Recently, many problems for constructing
program trajectories and control [1-3] are redu-
ced to solution linear quadratic optimization
problem with corresponding boundary conditi-
ons. In this case, the solution method is based
on constructing the corresponding extended
functional [3-6] and describing the Euler-Lag-
range equations with finding the boundary con-
ditions for the Lagrange multipliers. Solving
the Euler-Lagrange equations with boundary
conditions on phase coordinates and Lagrange
multipliers, the corresponding control action
and coordinates of the object are constructed.

But when some coordinates of control ac-
tions have CONSTRAINTSs in the form of equ-
alities, then the similar algorithms do not work
and the corresponding modification is required,
where in the current work a corresponding mo-
dified algorithm is developed. The results are
illustrated using a specific example of a vertical
quadcopter with curtains at the appropriate he-
ight for a certain time.

Problem Statement

Let the movement of the object in the ti-
me interval [0, T + A] is described by the follo-

wing linear differential equation

P(t) = FP(t) + Gu(t) +V, (1)
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where  P(t)=[z(t) z,(t) z3(t) z4(t)] -
phase coordinates of n-dimensional object,
constant matrices F and G are controlled pairs
with dimensionsnxn, nxm, respectively. V is

an external disturbance with dimension nx1.
u(t) = [uy (t) uz(t)]’ — vector of control
actions. Let denote G =[G, G,]

Assume that there is the following
CONSTRAINT for uy(t) in the time interval
(T+0,T+A)

Upt)=C, T+0<t<T +A, (2)

and boundary conditions for the
coordinates have the form

phase

2(0) = 2g, 2,(T - 0) = 24, 23(0) = 239, 2,(0) =0, (3)

where C, z,, 24, Z3, are constant vectors.

It is required to find control action u(t)
with CONSTRAINT (2) and the corresponding
trajectory P(t) with boundary conditions (3),
such that the equation (1) is satisfied and the
following functional received the minimum
value
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1, 1,
J :EZZ(T—O)clzZ(T—0)+§z3(r—0)c223(T—0)+ (4)

l 1T+A
+Ez;(T —0)c,z, (T _O)+E '[u’(t)Ru(t)dt,
0

i.e. linear quadratic optimization problem
(1)-(4) with minimal control actions is fulfilled,
where ¢, c,, ¢c; are matrices with correspon-
ding dimensions, R is a symmetric matrix with
corresponding dimension.

Euler-Lagrange equation for the prob-
lem (1)-(4) and construction solution on the
interval [0, T + A]

Taking into account the CONSTRAINT
(2) in (1) and (4), we get that on the interval
0<t<T -0 the equation of the object is writ-
ten as (1), on the interval T+0<t<T + A the
equation of the object is written as

and the functional (4) will be as follows

J= %ZQ(T —-0)c,z,(T —0)+%Zé(T -0)c,z,(T -0)+

+%z;(T —0)e,z,(T -0) + %{u'(t)Rlu(t)dt % ru;(t)Rzuz(t)dt, (6)

where R; is a symmetric matrix with corres-

ponding dimension, R, is a known parameter.

Thus, using the results of [3, 4] we have
the Euler-Lagrange equations on the intervals
[0,T-0), (T+0, T+A] for the system (1), (5) and
the functional (6) in the following form, corres-
pondingly

r(t)}z F-GR'G [P(t)}{v} o<t<T-0, (7)
i) lo —F aw) ol " '

rm} {F —Gsz’lGé}[P(‘)HGﬁ *V} T+o<t<T+a (8)

im] |o —F A1) 0

where A(t) is a Lagrange multiplier with cor-

responding dimension.
Then using the results of [7-12] for
A(t) we have the following boundary conditi-

ons for the system (7)

22(0) =0, 6,2, (T ~0) = 2T ~0) =0, ¢,2,(T ~0)~ 5T ~0) =0,  (9)
€324 (T —0) = A4 (T —0) = 0.
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Note that the condition (9) together (3) is
sufficient to restore P(t), A(t) on the interval
[0, T-0).

The control u(t) on the interval [0,T-0) is
defined as

u(t) =-RG'A(t), (10)

and the control u,(t) on the interval (T+O0,
T+A] is defined as

Uy (t) = -Ry " (G5)'A(1). (11)

Assume that

[R 0 Bich [o B\
{3 Secfdfeldp Y v
Then from (8) we get that

2(t) = [z,(t) z,(t)] is defined by the follo-
wing system of differential equations on the in-
terval (T+0, T+A]

(1) z,(t)

2,(t) =|:F1 0 } )|, GlC +V, (13)
23(t) 0 —F || z3(t) 0

24(t) z4(t)

with boundary conditions
2, (T +0)= 237, 2, (T +0) = 27, 4y (T +A) =0, 2, (T +A) =0, (14)

where the first and the second conditions have
been found from (7).
Z5(t), z4(t) is defined from the follo-

wing differential equations

25(t) z;(t)
24(t) {Fz —GZZRz_lgGZZ)} 20| (15
A3(t) 0 - F, A3(t)
A4 (1) A4 (1)

with boundary conditions
(T +0) =24, 2,(T +0) = 2,7 4,(T +A) =
=0, 4,(T+A) =0, (16)
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where the first and the second conditions have
been found from (7).

Note that the initial conditions (16) are
sufficient to find z5(t), z4(t), A5(t), A4(t) on

the interval (T, T+A].

Thus, solving the system of equations (7)
with boundary conditions (3), (9) we get
x(t), A(t) and the control u(t)is defined from
(10) on the interval [0,T-0). Then solving the
systems of equations (13), (15) with initial con-
ditions (14), (16), respectively we get
x(t), A(t) and the control u, (t) is defined from
(11) on the interval (T+0, T+A].

Example

Let consider an example that describes
the vertical movements of a flying object to a
given height and at a certain time A remains at
the same height. For simplicity, we will assume
that the object moves only vertically and does
not perform any rotation relative to the vertical
axis. In this case, equation (1) will have the fol-
lowing form

Fl(t)}: Frl(t)}+6u(t)+v, o<t<T+a (17)
Zz(t) Zz(t)

160

where

- e Lofe

acceleration velocity.
The boundary conditions (3) for

P(t) =[z,(t) z,(t)] don’t change. Then the
problem (1)-(4) is reduced to the following
problem

P(t)=FP(t)+Gu(t)+V,0<t<T +A, (18)

2,(0) = zy, (T - 0) = z4, (19)
ut)=C, T+0<t<T+A, (20)
T+A

J =%clz§(T —0)+% juz(t)dt — min . (21)
0

Using the procedure outlined in
paragraphs 2-4, we can find P (Fig.1) solving
equations (7), (13), (15) on the intervals [0,T-
0), (T+0, T+ A] and the control action u(t)
(Fig.2) is determined by formula (10) on the
interval [0,T-0).
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Fig.1. Changing z4 (t) on the interval [0, T+ A]
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Fig.2. Changing u(t) on the interval [O, T+ A]
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ZAMAN INTERVALININ MUOQYYON HiSSOSINDO iDAROEDICiYO BORABORLIK SOKLINDO
MOHDUDLUQ QOYULDUQDA XOTTi KVADRATIK OPTIMALLASMA MOSOLOSININ
HOLLI ALQORITMI

N.S. Haciyeva, M.M.Miitallimov, F.O.9liyev

Bu isdo zaman intervalinin malum hissasinds idarsedici tasir tizarinds barabarliklor soklinde mohdudiyyatlor ol-
dugu halda xotti kvadratik optimallagdirma problemi nazordan kegirilir. Genislondirilmis funksional: tortib etmoklo mii-
vafiq Eyler-Lagran;j tonliklori tosvir edilir vo onlari hall etmoklo zaman intervalinin hor iki hissasi ti¢lin idarsedici tosir
vo miivafiq trayektoriya qurulur, yani idarsediciys he¢ bir mohdudiyystin olmadig: hissads va idaroediciyo mohdudiy-
yatlorin oldugu hissads hall tapilir. Naticalor saquli Xarici qiivvenin tasiri altinda ugan cismin miiayyan hiindiirliiys sa-
quli harokati vo miloyyan mosafods asili galmasi misalina baxilmigdir.

Acar sézlor: xotti kvadratik optimallasdirma masalasi, Eyler-Lagranj tanliyi, idaraedici tasir, optimal trayektori-
va, xatti cabri tanliklor sistemi

AJITOPUTM PEIIEHMSA 3AJTAYA JTUHEMHOMN KBAJIPATUYHOM ONITUMHU3AIIAA C
OIr'PAHUYEHHUEM B BUJIE PABEHCTB IIO YIIPABJIEHAIO HA OIPEJIEJIEHHOM YACTH
BPEMEHHOI'O MHTEPBAJIA

H.C. I'axzkuesa, M.M. MyTassimmoB, ®.A.Aines

B nanHoif paboTe paccmaTpuBaeTcs 3ajauya JMHEHHO-KBAAPATUIHON ONTUMU3AIINH, T/Ie HA U3BECTHOM YacTH WH-
TepBaja BpeMEHH MMEIOTCSI OTpaHUYEHUs B BHUJIE PaBEHCTB Ha yMpaBJsioNIre Bo3aeicTBus. [lyTemM cocTaBieHus pac-
IIMPEHHOTO (YHKIMOHAJA OIMCHIBAIOTCS COOTBETCTBYIOUINE ypaBHEHUs Diiepa-Jlarpamka, Tae MyTeM WX peEHICHUS
CTPOSITCS YIPABISAIOIINE BO3ACHCTBHS H COOTBETCTBYIOMIAS TPACKTOPHS IS K&KIOH YaCcTH WHTEpPBaJIa BpEeMEHH, T.€. Ha
ydJacTKaX, Tlle HeT OrpaHHYCHHAN Ha YIpaBICHWE W HA y4acTKaX, Tlle AJIEMEHT YIpaBJICHUS UMeEeT OrpaHHdeHus. Pe-
3yNBTaTHl MIPOMILTFOCTPHPOBAHEI Ha IPUMeEpEe BEPTHKAIHHOTO IBIDKECHUS M 3aBHCAHIS JICTAIOIIEr0 OOBEKTa Ha OIpere-
JIEHHOW BBICOTE NOJI IEUCTBUEM BEPTUKAIBHON BHEILIHEN CHUIIBIL.

Kniouesvie cnoea: 3aoauu nunetino-keaopamuyHou onmumuzayuu, ypasuenue Direpa-Jlaspandica, ynpaensio-
wee so30eticmaue, ONMUMAIbHASL NPOSPAMMHASL MPAEKMOPUSL, CUCTNEMA TUHEUHbIX A12eOpauieckux ypagHenul
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