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THE INVERSE SCATTERING PROBLEM FOR A DISCRETE DIRAC OPERATOR
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A discrete analogue of the one-dimensional Dirac system on the whole line is considered. The
coefficients of the system are steplike. Using the transformation operators special solutions with
asymptotic behavior at infinity are constructed. The inverse scattering problem is studied. We de-
rive a necessary and a sufficient condition on the scattering data so that the inverse problem is

uniquely solvable.
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We consider the system of difference
equations
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where the coefficients a, ,,a,, satisfy the con-
ditions
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with A> 0. The system of equations (1) is dif-
ference analog of the one-dimensional Dirac
system, for which the inverse scattering prob-
lem has been studied in [1]-[2]. On the other

hand, the direct and inverse scattering problems
for the system of equations (1) were investigat-
edin [3]-[4] with A=1.

In this work we study the inverse scatter-
ing problem the system of difference equations
(1) with coefficients from (2). We derive condi-
tions on the scattering data which are necessary
and sufficient for the existence of unique coeffi-
cientsa; , >0,j=12, in the class (2). Availa-
bility of step-like coefficients brings to the
change of the properties of the reflection coeffi-
cient. For these reasons, some classical argu-
ments needed to be modified considerably on
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obtaining main equation.

Note that similar problem for the one-
dimensional Dirac system and Schrodinger
equation and their discrete analogue was con-
sidered in[5]—[6]. In [7], some spectral proper-
ties of the other analogue of the one-dimen-
sional Dirac system were investigated.

For definiteness, it is assumed hereinafter

that A<1. Let I';denote the complex A -plane
cut along the segment [—2A2‘j 2A2‘j], j=12
and or’; denote its boundary. InT;, consider
the functlon

where the regular branch of the radical is de-

termined by the conditionv.A? —4A2* ) >0 at
A>2A%1 j=12.

Theorem 1. The system of equations (1)
has solutions, which can be represented in the

form
=a n)( 1 j
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where the quantities o, (n), a3 (n),K; (n,m), K3 (n,m)
satisfy the relations

a;(n)=1+0(l) at n— o, j=12,

e (2 0

tm=tn

n+m-— to
where

1 L1
o'(n)= > {la,—A?|+[a,, +A? |, and

[] denotes integer part.
Moreover, we have
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According to (3), (4), for any n the solu-
tions {f,,(4)f u i9,,(2)} , j=12, that is
regular on T, and I',, is continuous up to its
boundary oI5 and or", appropriately.

We also expansion

9;.(4)=a,(1)f;,(2)+b,(2)f;,,(2)

, \ (6)
Aedl, A% #4A2,

fj,n (ﬁ') =4a, (ﬂ)m + bz (ﬂ')g in (ﬂ’)'

2 (7)
Aeodl, A" #4.

Here,a,(1)b,(4), j =12, are defined by
the formulas

AW (2).9;(2)
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b, (2)= Al Z) (8)
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where Wlfj,mgj,nJ: al,n(fl,n—1g2,n - f2,ng1,n—l)
is the Wronskian of the solutions {fj]n} and
{g j,n} . The basic properties of the coeffi-
cientsa;(4),b;(1)j =12, are established using

(6)-(8). They can be rewritten as the following
condition.

I. The functions a,*(1),b,(1) are contin-
uous for 1 edr, and a,'(1) can be regularly
extended to I', , except for possibly simple
poles A, =%u,, 1, >0, k=1.., N, lying on the
real line outside the cut[-2,2]. It is true that
lima.(1)=d >0 and

A—0

a;(1-i0)=a,(2 +i0),
b,(4-i0)=b,(4+i0)
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It is easy to verify that

-2

k=1..N,j=12.

The set of quantities

{a,(A)b,(2) A € dTy;% . ;m; >0,k =1,.., N}
is called the scattering data for the system of
equations (1). The inverse scattering problem
for system of equations (1) is understood as the
reconstruction of the coefficients a,,,a,, . In
solving the inverse problem, an important role
is played by the co-called Marchenko-type
main equations. Let oI'; denote the set of the
points in the upper cut along segment
[-2A%1,2A%1] j=12in the A-plane. Define
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Theorem 2. For anyn,ne Z, quantities
K (n,m),e; (n)involved in (3) satisfy the rela-
tions
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K (n,m)+ F.i(2n+m)+
+ > K (nr)F (2n+m+r)=0, 9)

+r>1

+m>1j=12

(e (n)” =1+ F;(2n)+

+ > K (nr)F(2n+r).

+r>1

(10)

The equations (9) are the main equations
of the inverse problem. Applying research
techniques available for main equations [3],[4],
we can obtain the following necessary condi-
tion on the scattering data.

I1. Its holds that

> [n|F(n)-

+n>1

2 InfF(

+n>1

-(n)|<oo,

(nj <o,

n+2

Theorem 3. A set of quantities
{a,(A)b,(4) 2 € Ty % gt ;my >0,k =1,.., N}
is scattering data for the system of Equations
(1) with coefficients satisfying assumptions (2)
if and only if conditions I-I1 holds.

The reconstruct the system of equations
(1), we consider main equations, which are
constructed from the scattering data. Find
K (n,m),a; (n) from equations (9) and (10),
respectively, the first one having a unique solu-
tion with respect to K (n,m) under the condi-

tions theorem 3. The coefficients a,,,a,, can
now be determined from any formulas (5).
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BUTUN OXDA DiSKRET DIRAK OPERATORU UCUN SOPILMONIN TORS MOSOLOSI

A.X.Xanmammoadov, R.i.9lasgarov

Birdlgiilii Dirak sisteminin diskret analoqu baxilmigdir. Omsallar pillavar tipdir. Cevirmo operatorlarinin ko-
moyilo sonsuzlugda sort 6doyon xiisusi hollor qurulmusdur. Sopilmonin tors mosolosi 6yronilmisdir. Tors masalonin
birgiymatli holli ti¢iin sopilmo verilonlori {izarina zaruri va kafi sortlor tapilmigdir.

Agar sozlar:diskret Dirak operatoru, sopilma masalosi, ¢evirma operatoru, tars masala, asas tonliklor

OBPATHASI 3AJJAYA PACCESIHUS JJISI ITMUCKPETHOI'O OIIEPATOPA JIUPAKA
HA BCEM OCH

A.X.XaumamenoB, P.U.AsieckepoB

PaccmoTpeH TUCKpeTHBIN aHalor ogHOMEpHOH cucteMsl Jupaka. KoahduueHTs! SBIs0OTCS CTyneHeoOpa3HbI-
Mu. C OMOIIBIO OIIEpaTopoB NpeoOpa30BaHMs IOCTPOCHBI CHENHAIbHBIE PEIICHHS C yCIOBHSIMH Ha OECKOHEYHOCTH.
W3yyena obpartHas 3amada paccessHus. [lormydeHbl HEOOXOOMMOE W JOCTATOYHOE YCIIOBHS Ha JIaHHBIC PACCESHUS JUIS

OJTHO3HAYHOH pa3pemrMocTi 00paTHOH 3a1aum.

Knrouegwie cnosa: ouckpemuwiti onepamop Jupaka, 3a0a4a paccesinus, onepamop npeoopazosanus, oopamuas

3a0at¢a, OCHOBHble YpaBHEeHUs
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