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THE INVERSE SCATTERING PROBLEM FOR A SCHRODINGER EQUATION
WITH AN ADDITIONAL LINEAR POTENTIAL

H.M.Huseynov!?, A.F.Mamedova?
(Presented by Academician of ANAS M.F.Mehdiyev)

A Schrédinger equation with an additional linear potential on the whole line is considered. Us-
ing the transformation operators special solutions with asymptotic behavior at infinity are construct-
ed. The inverse scattering problem is studied. The main equation of inverse problem is obtained. We
develop an algorithm for solving the inverse problem of reconstruction of perturbed coefficient.
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Consider the differential equation

—y"+[x+ p()]y = 2y, —o<Xx<oo, (1)

where p(x) is a real and is continuously-diffe-

rentiable function on a whole axis and satisfy the
condition

_T (L+[x) p(x)jdx < oo (2)

In this work we study the inverse scatter-
ing problem the differential equation difference
with coefficient from (2). The existence of the
transformation operators that takes the solution
of the non-perturbed equation

-y'+xy =2y 3)

to the solution of the perturbed equation (1).
Using the transformation operator method, we
give a derivation of the so-called main equation
and prove its unique solvability. We provide an
algorithm for the solution of the inverse scatter-
ing problem.

In the absence of linear potential similar
problem for the differential equation (1) were
investigated in [1]—[3]. The additional linear
potential will require significant modification
of the classic arguments of the works [1]—[3].

Note that the some inverse problems for
equation (1) were investigated in the works [4],[5].

The scattering problem for the Schrodinger equa-
tion with an additional anharmonic potential is
studied in the works 6] .

In the complex A -plane consider the
function k(4,x)=+A-x , where the regular
branch of the radical is determined by the con-
dition vx—A4 >0 at A <x. We can prove that
the functions [7](see, also [8] )

f (x,A) =V Ai(x— 1),
fo (X, A) =V [Ai(x = 2)-Bi(x—2)],

are the solutions of equation (3), where Ai(z)
and Bi(z)are the Airy functions of the first and

second kind, respectively. We have the follow-
ing formulas for expansion

% T fo (%, A)fy (v, A)dA = 5(x—y),
: -; ©)
= [ Ai(x = 2)Ai(y - 2)d2 = 5(x - y),

where ¢ - the Dirac delta function.
Denote
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The following theorem introduces the
Jost solutions f (x,2)and f_(x,4) with pre-
scribed behavior in + .

Theorem 1. The equation (1) for all A,
ImA>0 has unique solutions f,(x, 1) in the
form

fL(x,A) = f(x, 1)+ TKf(x,t) f(t, A)dt, (6)

where K*(x,t) are real continuous functions,
and
1, x+t, oD
K*(x,t)<=o" (—— , 7
KA X S0 (e ™
1i00
xx)=% [ pltk ®)

Consider the non perturbed equation (3).
Clearly, for all real A the solutions of equation

(1) are also f,"(x,A)and f, (x,1). On the other

hand, it is known that (see, [8]) the functions
Ai(z2),Bi(z) are linearly independent for all z

and their Wronskian W[ Ai(z),Bi(z)] is L
T

Hence, are valid rela-

tionsW[fO’(x,i), fo’(x,l)J:Zi . From the for-
mulas (3)-(5) it follows that the functions

{f?(x,/l), f?ix,/l')} form fundamental systems
of solutions for equation (1),

andW[f_(x,;t),m]: 2i .

Therefore, we have for all real A :

f,(x,2)=a(2)f_(x,4)+a(2)f_(x,1), (9)
where
a ﬂ):W[f(x,/Z)i, f+(x,ﬂ)]. (10)

We note that (9), (10) gives the analytic
continuation for a(4) to ImA>0. Hence, the

function a(4) is analytic in ImA>0 and is

continuous in ImA > 0. It should be noted that
the operator, generated by the equation (1) in
the L, (—0,0), has a continuous spectrum, fill-
ing the entire axis. Hence, it follows from the
last equality that the function a(1) has no ze-
ros in the closed upper half-plane.

Further, according to (4), (6), (7), (11) the

function a(4),b(1) have the asymptotic be-

havior at A —

a(1)= % + 0(12] : (11)

A set of values {a(1),b(1), 1 € R} is called
the scattering data for the equation (1). Functions
r()t(1) that are defined by formu-

lasr(1)= a(4) t
a(4)
tion coefficient and the transmission coefficient of
equation (1), respectively.The inverse scattering
problem for equation (1) is recovering the coeffi-
cient p(x) by the transmission coefficientt(4).
The central role for constructing the solu-
tion of the inverse scattering problem is played
by the so-called main equation which is a linear
integral equation of Fredholm type. Denote

(uy)- —I(

Consider identities (9). We substitute the
representations (6) into it, multiply them
by6a*(1)f, (y,4), and integrate around the
whole line. Then, applying the residue theorem
and using (4)-(6), (9) we obtain the following
theorem.

(1)= %/1) are called the reflec-

] s (12

Theorem 2. For each fixed x ; the func-
tions K+(x,t), defined in (6), satisfy the inte-
gral equation

“(x y)+K( +7'|'K+ =0,y>x . (13)
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Applying research techniques available
for main equations [1]-[3], we can obtain the

basic properties of the function F*(x, y). By
means of these properties, it is proved that equ-
ations (13) are generated by completely
continuous operators on L,(x,). Using Fred-
holm alternative is proved unique solvability of
main equation (13).

The solution of the inverse scattering prob-
lem can be constructed by the following algorithm.

Algorithm. Let the transmission coeffi-
cientt(1) be given. Then

1) Calculate the function F*(x, y) by (12).
2) Find K*(x,t) by solving the main
equations (13).
P dK *(x,x)

3) Construct p(x)= ;
X
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OLAVO XOTTIi POTENSIALA MALIK OLAN SREDINGER TONLIiYi UCUN
SOPILMONIN TORS MOSOLOSI

H.M.Hiiseynov, A.F.Mammoadova

Biitiin oxda olavo xatti potensiala malik olan Sredinger tonliyins baxilir. Cevirmo operatorlarinin komayils son-
suzlugda miioyyan asimptotikalara malik olan hollor qurulmusdur. Tors masalonin asas tonliyi tapilmigdir. Hoyacan-
lanma oamsalin1 barpa etmok tigiin tors mosslonin holli alqoritmi verilmisdir.

Agar sozlar: Sredinger tonliyi, ¢evirma operatorlari, sapilmanin tors masalasi, asas tonlik

OBPATHAS 3AJJAYA PACCESAHUA IJI1 YPABHEHUSA INIPEJUHTEPA
C JTOMOJIHUTEJbHBIM JIMHENHBIM MIOTEHIIUAJIOM

HNU.M.I'yceiinoB, A.®.Mamenosa

PaccmarpuBaercs ypaBHenue lllpeaunrepa ¢ TOMOJHUTENHHBIM JTHHEHHBIM MOTeHITHaNIOM. C ITOMOIIBIO Omepa-
TOPOB TPe0OPa30BaHMS MOCTPOSHBI PEIICHHS C OTPEAEICHHBIMI aCHUMIITOTHKAaMH Ha O6eckoHedHoCcTH. HaiineHo ocHOB-
HOE ypaBHEHHs 0OpaTHOI 3aj1aun. YKa3aH alropuTM perieHus oOpaTHOH 3aiaun Uil BOCCTAHOBJICHUSI BOSMYILIEHHOTO

ko3 punuenra.

Knrwouesvie cnosa: ypasnenue [llpeounzepa, onepamopwsl npeobpazosanus, o0dpamuas 3a0a4a paccesuus, oc-

HO6HOe€ ypasHeHue
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