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SOLUTION OF ONE PROBLEM FOR A PARABOLIC TYPE LINEAR LOADED
DIFFERENTIAL EQUATION

Z.F. Khankishiev
(Presented by Academician of ANAS Y.A.Mammadov)

An application of the finite difference method to the solution of one problem for a parabolic
type linear loaded differential equation with integral conditions is given in the paper. The finite dif-
ference method is applied to the solution of the problem. The corresponding difference problem is
constructed, under certain conditions the convergence of the method is proved and the rate of con-

vergence is determined.
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Statement of the problem

Problems for loaded differential
equations occur in many areas of natural
science (see, for example, [1], [2]). For
example, the works [3] - [7] were devoted to
the solutions of such problems.

The following problem for a linear load-
ed differential equation of parabolic type with a
changeable coefficients is examined in this pa-
per:

to find a continuous function u =u(x,t)

in a closed domain D ={0<x<I,0<t<T},
that satisfies the equation

ou(x,t) _ o ou
Y 8x(k(x) aXj+bu(x,t)+

+ > bu(x ) +f(x,1),0<x<I,0<t<T, (1)

k=1
integral conditions

'Jcl(x)u(x,odx = 1 (0),

| 0<t<T, 2
[ e, (u(x,tydx = 4, (0),
and initial condition
u(x,0) =p(x), 0<x<I. (3)

Here
k(X) 2 ko >0, f(X,t), 14 (), 12, (1), ¢, (X),

C,(x), ¢(x) — are known continuous functions
of their arguments, b, b, ,k=12, .., m-—real
numbers, t,, k =12,...,
(0,T].

Further, let's suppose that the problem
(1)-(3) has a unique solution.

m— points of interval

Replacement of integral conditions
Consider the first condition in (2) and dif-
ferentiate it with respect to variable t:

Jeutx )

Hence, we have'

‘I[CI(X)L;3 [k(x)—j+bu(x t)+Zb u(x,t)+

k=1

+ f(x,0)]= 4 (). (4)

Applying the formula of integration by
parts twice to the integral of the first term, we ob-
tain:
|
[ cl(x)aﬁ(k(x)—jdx c (x)k(x)au(x Dl
0

OX

x=0

—c; OK(u(x B[ + j C, (Xu(x, t)dx,

where C,(x) = (¢! (x)k(x)) .
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Finally, applying the trapezoid formula to
the last integral on the right side, we obtain the
vaIidity of equality

jc (x)—[k(x)—de_c (Ok(x)—2
[Cl( 0)
2

au(x )

— cl’(x)k(x)u(x,t)|;0 +h
+C (X1)U(X1’t)+"'+C1(XN—1)U(XN—1’t)+
C(2x )u(x t)}+0( )

Taking into account this equality in (4),
after elementary transformations, we come to
the following equality

(K O e ok0ou ! +

x=0

u(X,,t) +

+h- |: 1( O)U(X t)+C ()( )U(X t)+ +C1(XN—1).

1( )

U(Xy_p 1) + ==~ U(Xy t)} py (1) —buy () -

—Zbkﬂl(fo—jcl(x)f(x,t)+0(h2). ©)
k=1 0
Similarly, we have:

¢, 0k U0

— ¢y (kx| 7 +

{ 2 (X 0)u(x 1) +C, (X u(X,t) +--

#Co 0000 + 20 gy, ,t)} _

= 1, (1) —bp, (t) _ibkﬂz t)-

- chz () f (x,t)+0(n?), (6)

here C, (x) = (¢} (X)K(X)) .

Thus, instead of integral conditions (2), we
have conditions (5) and (6).

After excluding from conditions (5) and
(6), first 40D ou(l, t) au(O,t)

OX

conditions, under conditions (1) on the bounda-
ries x=0, x=1 and the domain D, we’ll ob-
tain conditions of the form

k(hj u(x,,t) —u(o,t) _E{GU(OJ) —bu(0,t) -
2 h 2 ot

, instead of these

n i c;(0)c, (1) — ¢, (1)c; (0)
~ 200860~ f(o’t)} 60, (), (), 0)
cie, () —c,es () | v g
.0, —c, (e, @ D

. {c(nc 2 (%) =Ci (%), (1) S0+

2(c,(0)c, (1) —c, (1), (0)
L GG, (x) -G, (x)c, (1)
c,(0)c, (1) —c, (I)c, (0)
+ Cl(I)CZ (XN—l) _C1(XN—1)Cz (I) U(XN,l,t) +
c,(0)c, (1) —c, (I)c, (0)
+c1(l)cz(xN)—cl<xN>c2(l)U(XNJ)}:
2(c,(0)c, (1) — ¢, (1), (0))
= m (1) +0(h?), (7)

k(l —Ej u(xy,t) —u(Xyy, 1) +D[6U(|,t) B
2 h 2| ot

-k(0)u(0,t) +

u(x,t)y+---+

“bu(l,t)- > bu(l,g) - f(l,t)}—

_ €,(0)c,(0) —¢,(0)c; (0)
¢, (0)c, (1) —c,(1)c, (0)

k(0)u(0,t) +

L &()c, (0) —c, (0)c, (1)
¢,(0)c, (1) —c,(1)c, (0)

k(Du(l,t) +

H{c 1(00C, (%) ~Co(4)¢, (@),

2(c,(0)c, (1)~ ¢, (1)c, (0))
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+ G (O)Cz (Xl) B Cl(Xl)CZ (0)
¢;(0)c, (1) —c, (1), (0)

u(x,t)y+---+

+ C, (O)Cz (XN—l) B C1 (XN—l)CZ (O)
¢, (0)c, (1) — ¢, (1)c, (0)

u(Xy_4,t)+

+ Cl (O)Cz (XN ) - Cl(XN )Cz (O) U(XN ,t)} _
2(c,(0)c, (1) - ¢, (1)c, (0))

= 11,(®) +O(h?). )
Here g (t) and g, (t) —are known functions.

Difference problem

Divide the Ox -axis segment [0, 1]
=nh, n=012,...,N, h=I1/N,
by N equal parts, and Ot -axis segment [0,T ]
with dots t; = jz, j=012,..., J,, 7 =T/ ],, by

J, equal parts. We choose the step 7 so that

with dots X,

the points t,, k =1,2,...,m are among the points
i=12, Jg
t =t, k=12,...,m, t, <t;, <..<t; .

t, =]z, Suppose,  that

Define
in the domain D a grid
@,, ={(x,,t,), N=012..,N, j=0L2,..., j, .

Using, instead of integral conditions (2),
the last equalities (7) and (8), problem (1) - (3)
can be associated the following difference
problem on the grid @, :

hyt -y ‘lk(hj it LA il (R B
2 7 212 h h

j+l
g(b Yo 2+y0 +Zbkyng+

k=1

L 60c, (1) -, (e (0) k(0) Yo +Yo
¢,(0)c, (1) - ¢, (1)c, (0) 2

O ORO0) ()ydf“ryN _
¢,(0)c, (1) - ¢, (1)c, (0) 2

{cmcu) C,(%)e, (1) Y& +¥5

2(c,(0)c, () -c,()c,(0) 2

L 6, () ~Cy(6)e, (1) yi™ + v
c,(0)c, () -c,(1)c,(0) 2

+...+

+ Cl(l)Cz (XN—l) _Cl(XN—l)C2 (I) yl{IJrll + yN -1 +

¢;(0)c, (1) —c, (e, (0) 2

L &G (%) - C(X)CG)W”+V&}:RK

2(c,(0)c, (1) —c,(I)c,(0)) 2

j+l

Yn

vyl j+1 j+l iyl
yn —lk(xn + hj yn+1 yn + yn+l yn +

T 2 2 h?
+1kx MY =y e~ e
"2 h?
j+l

_pdn Y +yn

Zbkygk = f J

n _1,2 ..... N -1, 9)

hy’*l—y$+lk(| hj VWA YY)
2 ¢ 20 2 n h

j+1

hi yy +Yy .
z(b%Jrzbkyé]

k=1

_6(0)¢,(0) ~¢,(0)c; () k(0) Yo + yo
¢;(0)c, (1) —c, (e, (0) 2

L E06,0) ~c, ;1) i Y

¢, (0)c, (1) —c, (e, (0) 2

{cwﬁ(X)C(xm«DW”+%
2(c,(0)c, (1) -c,(1)e,(0) 2

L GO)C, (%) = Ci(x)c, (0) yi™ + v
¢, (0)c, (1) — ¢, (e, (0) 2

+ Cl(o)CZ(XN—l) _Cl(XN—l)CZ (0) ydfll + yN -1
¢,(0)c, (1) ~c, (e, (0) 2

—+
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+ Cl(O)CZ (XN ) _Cl(XN )Cz (O) y,ﬂ+l + yr{I —f i
2(c,(0)c, (1) —c,(1)c,(0) 2 "

i=01...,j, -1,

yo=(x,), n=01..,N. (10)
Here

fJ = —mt, + 0,52')+2 t(0.t, +057),

fi =t +050)+ Mt +050),

3
2
fJ=f(x, t,+05z) n=12,..,N-1.

n' *“j

It should be noted that the difference problem
(9) - (10) approximates problem (1) - (3) with
an accuracy of O(h2 +72), if the solution
u(x,t) of problem (1) - (3) has bounded partial
derivatives with respect to variable x up to the
fourth, with respect to variable t up to the third

orders on the domain D and equation (1) is sat-
isfies both on the boundaries x=0 and x =1

of the domain D.

The solution of difference problems of
the form (9) - (10) is presented, for example, in
the author’s paper [7]. Therefore, we will not
stop on the solution of this difference problem.

Maximum principle and consequences

Theorem 1 (Maximum principle). Sup-

pose, that grid function y),n=01..,N,
j=01,..., j,,satisfies problem (9) - (10). Sup-
pose, that conditions f)<0(fJ>0),
n=0%..,N, j=01..,]J, -1 are satisfied. If
the following conditions are satisfies

0<k, <k(X)<k;, b, >0, k=12,...m,

b+ $b, <0, GOED -G |,
k=1 T Cl(O)C2(|)—Cl(|)C2(O)_

¢1(0)¢,(0) - ¢, (0)c;(0)
¢,(0)c, ()¢, (e, (0)

¢, (0)c, () —c,(Dez(0)

0)-
¢,(0)c, (1) —¢, (e, (0)

~c(De, (1) —ci (e () k()=¢e>0
¢ (O)c, () -,

¢i(De, (0) —c,(0)c, ()
¢,(0)c, (1) —¢,(1)c, (0)

(-

RAONORACLTC NP
e, Oc,()-ce,0

(11

2 2
r<mind 2 p7k 20
2k, — bh 2

+k, + — + hk(0)
2 ¢, (0)c, (1) —c, (e, (0)

bh? ¢ (0)c, (1) —c, (1)c; (0)}1

h{ko _bn Ly G0 0 -6 0c; (l)} }
2 e, () =5, e, 0

then solution y/,n=01..,N, j=01..., j, of
the problem (9)-(10), differ from constant,
cannot take the greatest positive (smallest nega-
tive) valueat n=01,...,N, j=12,.., ],.

Theorem 2. Suppose, that grid function
yl,n=01..,N, j=01..j,, satisfies to the
problem (9)-(10).
If  f1<0,0(x,)<0 (fi=0, ¢(x,)=0),
n=01..,N, j=01..j,—1 and conditions
(11) are satisfies, then
yi<o (y2=0)n=0L.,N, j=01..j,.

The validity of the statement of this theo-
rem follows from the maximum principle.
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Consequence. Suppose, that conditions (11)
are satisfied. Then the homogeneous problem
corresponding to problem (9) - (10) has only
the trivial solution
y)=0,n=0L..,N, j=01.., j,.
It follows from this consequence that under
conditions (11) there is a unique solution to the
difference problem (9) - (10).

Theorem 3 (Comparison theorem).

Suppose, that y/,n=01..,N, j=01..j,—
solution of the difference problem (9)-(10) ,
and y¥),n=01..,N, j=01,..j,—solution of
the difference problem, obtained by replacing
in (9 - (10) the functions fJ,
n=04..N, j=012,..,j, -1 and o(X,),
n=0L..,N by fJ n=01..N,j=01.. j, -1

n=01..,N
t)]<f), n=01..N, j=01.. j, -1

and |p(x, )] <@(x,
conditions  (11)

and  @(x,),
Then, if

correspondingly.

n=01...,N then under

Ya| <V,
n=01.,N, j=01..., ], are takes places.

inequalities

Convergence

Let’s define the grid function z! in the
grid domain @, by the equality
z) =yl —u(x,,t;), n=0L..,N, j=01,..., j,,
where y) — is the solution of the difference
problem (9) - (10), u(x,,t;) is the value of the
exact solution of problem (1) - (3) at the point
(X,,t;) of the grid @, .
After substituting the expression y) found

from the last equality in the difference problem
(9) - (10), can be obtained a difference prob-
lem of the form (9) - (10) with respect to functi-

on z), only with the difference that, in the

right-hand sides of these equations, instead of
fl  there will be approximation er-

rorsy), n=12,..., N —1,, correspondingly, and
the right-hand side of the initial condition will
be equal to zero.

Using the comparison theorem, for soluti-
on the difference problem with respect to z/
the following was proved.

Theorem 4. Suppose, that solution of
equation (1) in domain D={0<x<],
O<t ST} have bounded partial derivatives up
to the fourth order with respect to variable x ,
up to the third order with respect to the variable
t and this equation is satisfied both on the bo-
undaries x=0 and x =1 of the domain D. If
conditions  (11) and the  condition
b+ ibk < -B < Oare satisfied, then the soluti-

k=1
on of the difference problem (9) - (10) conver-
ges to the solution of the problem (1) - (3). In
this case the following estimate takes place
Y —u(x.t) <L +2%) 21, =01, N,

i=01.... jo.
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PARABOLIK TiP XOTTi YUKLONMIS DIFERENSIAL TONLIK
UCUN BiR MOSOLONIN HOLLI

Z.F. Xankisiyev

Isdo parabolik tip deyison amsalli xatti yiiklonmis diferensial tonlik ii¢iin integral sortli bir masalo todqgiq edilmis-
dir. Inteqral sortlor geyri-lokal serhad sartlariyla avez olundugdan sonra, qurulmus yeni mosalonin hallina sonlu farglor
tisulu totbig edilmis, moassaloni ikinci tortib daqiqliklo approksimasiya edon forg masaloasi qurulmusdur. Miioyyan sortlor
daxilinda farg moasoalasinin hallinin ilkin masalonin halline y1gilmasi isbat olunmus vo y1gilma siiroti toyin edilmisdir.

Agar sozlar: yiiklonmig diferensial tanlik, sonlu farglar disulu, maksimum prinsipi

PEIIEHUE OJIHOM 3AJIAYM JJIA JJUHEWMHOT' O HATPYKEHHOI'O
JUOOEPEHIIUAJIBHOT'O YPABHEHUA ITAPABOJIMYECKOI'O THUITA

3.0, Xankuumues

B pabote uccienoBana ojHa 3ajaya Jyisl JIMHEHHOTO HarpyXeHHOro Au(QepeHIaIbHOr0 ypaBHEeHUs 1apado-
JUYECKOTO TUIA C MHTETPAIbHBIMU YCIOBHAMH. [10ciie 3aMeHBI HHTETPATbHBIX YCIOBHI C HEJIOKaTbHBIMHA T'PAaHHIHBIMHU
YCIIOBHSIMH K PEIICHUIO TTOJYICHHON HOBOW 3a/Ja4dl MIPUMEHEH METOJ KOHEUHBIX PAa3HOCTEH M MOCTPOCHA pPa3HOCTHAS
3aa4a, anmpOKCHMHUPYIOIIAs €€ CO BTOPHIM TOPSIKOM TOYHOCTH. [IpH BBITOJHEHWH HEKOTOPHIX YCIIOBHI JTOKa3zaHa
CXOAUMOCTB PAa3HOCTHOM 3a/1a4M U TIOJTyYeHA OICHKA JJI1 CKOPOCTH CXOJMMOCTH.

Kniouesvie cnoesa: nazpysicennoe oughgepenyuanvhoe ypasuenue, Memoo KOHEUHbIX pA3HOCMEN, NPUHYUN MAK-
cumyma
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