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PROBLEMS OF MATHEMATICAL MODELING AND CONTROL
OF QUADCOPTER MOTION
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This article describes the general principles of flight and control of a quadcopter, on the basis
of which a mathematical model and principles of control of quadcopter motion are developed taking

into account the quadcopter dynamics.
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Introduction

The state of the art in computing and in-
formation technology allows using mathemati-
cal modeling as a tool for solving problems of
control of complex technical systems at a fun-
damentally new level. The use of modern mat-
hematical application software packages makes
it possible to carry out multifaceted studies with
high accuracy and with minimal costs of reso-
urces of these technical systems.

An example of these complex systems is
unmanned aerial vehicles (UAVS), in particular
quadcopters, which have recently become inc-
reasingly popular as affordable and relatively
inexpensive technical means of remote data col-
lection, environmental monitoring, delivery of
small-sized cargo, and a number of tasks.

Recent development of unmanned aerial
vehicles, including quadcopters, makes it possible
to use them in various fields of human activity.
Light weight, small size, maneuverability, ease of
control is the main advantages of quadcopters,
which allow them to be used in many industries,
including in the military field. For this reason,
there is a need for a mathematical model that it
could describe control of an UAV. The difficulti-
es lies in the fact that a quadcopter has six degre-
es of freedom, while we can control only four pa-
rameters: the rotational speeds of the propellers.

The process of controlling the quadcopter flight
dynamics should be carried out on the basis of an
adequate mathematical model [1].

The significant place in engineering prac-
tice today is occupied by mathematical prob-
lems [2, 3, 4], which, in one form to another,
can be associated with the control of mechani-
cal systems [5]. Note that the problem of mat-
hematical modeling and control of quadcopter
motion is topical among the various problems
of stability and control of UAV motion [6, 7].

A quadcopter is a highly maneuverable
aircraft that has poor stability, since its dynamics
are highly susceptible to perturbations due to its
fairy small mass [8]. A quadcopter control system
should in principle solve the problems of angular
and spatial stabilization, and the rise to a given al-
titude (takeoff), and ensure landing, hovering and
flight along a given trajectory [9, 10]. In the gene-
ral case, given these restrictions, quite high requi-
rements are imposed on a quadcopter control sys-
tem in terms of accuracy and speed.

Many studies devoted to quadcopter moti-
on modeling [6, 7, 9, 11, 12, 13, 14], where vari-
ous versions of motion equations with various
automatic control and stabilization systems are
proposed.

For instance, in [6], a dynamic model of a
four-rotor rotorcraft, i.e., quadcopter, is const-
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ructed using the Lagrange method. In [7], an al-
gorithm is presented for quadcopter control
synthesis based on a mathematical model of
aircraft motion. Two options for controlling the
horizontal movement of the aircraft are consi-
dered here, one with specified end point and the
other with specified cruise speed.

In this article, we propose a simulation of
a system of control and stabilization of quadcop-
ter motion. Using the results of works [6, 7], a
simulation of a quadcopter motion control sys-
tem is presented. The problem involves synthesi-
zing a mode of quadcopter motion control such
that would allow the quadcopter to move from a
certain starting point to a specified point in space
and with specified angles of yaw, pitch and roll.

To solve this problem, initially, as in [7], an
algorithm for controlling the flight altitude along
the *axis z and the yaw angle w is proposed.

Next, we consider the control of movement along
the axis y and the roll angle ¢ . Then a system for

controlling the movement of the quadcopter along
the axis x and the pitch angle € is developed.

And finally, by combining z, y and x , we obta-

in the flight path of the quadcopter.

Calculations are carried out on the basis
of the control algorithm, and the calculation re-
sults are illustrated with specific examples.

Problem statement

Consider a quadcopter (Fig. 1) with known
physical parameters, the motion of which can be
controlled by changing the speed of the propellers.

Fig. 1. Quadcopter

The aircraft moves relative to an Earth-fixed
inertial frame of reference and specified by the
coordinate axes Ox, Oy and Oz that are perpendic-
ular to one another, with the axis Oz directed in
opposition to the gravity vector. The problem in-
volves making the quadcopter move from the start-
ing point (Xo, Yo, Zo) With initial yaw angle v o, roll
angle ¢, and pitch angle & to a specified point
(Xd, Ya, Zg) With specified yaw angle y ¢, roll angle
@ ¢ and pitch angle 6 4. The diagram of such a
quadcopter is shown in Fig. 2 (see [6, 7]).

As noted in [7], let 5:[x y z]’ be the
radius vector of the quadcopter center of mass,
w,0,¢ are the yaw, pitch and roll angles re-

spectively. f, is the lifting force produced by

the i-th motor M; (i :1,_4). Here and further
the prime denotes transposing.

-\

y

Fig. 2. The diagram of a quadcopter

In accordance with [6, 7], the motion of this
system is described by the following equations:

mxX =—-usiné, 1)
my =ucosdsing, (@)
mZ = ucos & cos ¢ —mg, 3

V=7, (4)



PHYSICAL, MATHEMATICAL AND TECHNICAL SCIENCES

6=7,, ()
$=1,. (6)

In equations (1) — (6), m is the mass of the
quadcopter, g =9,8m/s is the gravity accelerati-

on, u, as well as 7, 7,, 7, are the control in-

puts, which are the functions of f.. In [6], the con-
trol input u is used for the quadcopter altitude cont-
rol, and the control input ?l/, allows stabilizing the
yaw angle. In accordance with [7], the control in-
puts 7, and 7, are used for control of the pitch &

and roll ¢ angles, as well as for control of the qu-
adcopter motion along the axes x and vy .

As shown in [6, 7], if we suppose that
cosé@cos @ = 0, control of the quadcopter flight
altitude is defined by the following relation:

u = (1, +mg)

(")

cosfcosp
where
rlz—azlz'—azz(z—zd). (8)
In formula (8), a, , a, are positive con-
1 2

stants, and z, is the desired flight altitude. Tak-
ing into account (7) and (8), from (3) we have
mZ =ucosfdcosp—mg =1, = —azlz' —azz(z—zd)

Similarly, for the control of the yaw an-
gle, we have

~

7, =8,y —-2a, (v-y,) ©)

Then at cosé@cosg = 0 and in accordance
with (7) — (9), from formulas (1)-(4) we have:
tan@

mX = —(r1 + mg)— , (10)
Ccos ¢
my = (r1 + mg)tan Q, (11)
L1 .
Z:E(azlz—azz(z—zd)), (12)
i ==,y ~a,,(V —y4). (13)

In equations (12), (13), the unknown co-

efficients a,,a, ,8,,a, must be chosen

v, T,
from the asymptotic stability conditions in the
vertical direction and along the yaw angle,
which, in turn, satisfies the condition
22, Dy,.

After ensuring control of the flight alti-
tude and the yaw angle, we can proceed to the
control of the horizontal movement and the roll
and pitch angles.

As shown in [6], in the case of time tend-
ing to infinity, from (8) and (12) we have
r, > 0. Then, for large values of time T, the
values of r, and w will be sufficiently small,
and from (10) and (11) we have

tan @

X=-9g——0, (14)
CoSs ¢

y=gtaneg . (15)

It should be noted that in [6, 7], a nonline-
ar algorithm [15] is used for stabilization of the
coordinates X, y, taking into account (14), (15).

Further, considering the angles &,¢ small
in (14) and (15), as in [6, 7], and taking in account
equations (5), (6), we have the following relations
defining the variation of these coordinates:

y=00¢, (16)
=1 (17)
X =-g0, (18)
0=1,. (19)

Thus, here, as in [7], we will propose a
linear algorithm for stabilizing the horizontal
movement of the quadcopter. First, we will
consider the control of the coordinates ( ¢, V).

Denoting

_ _ d(y_yd) _ d(¢_¢d ’
=Ly =y =~ =) — — T
0100
00g o0 :
_ ., B,=[0 0 0 1],
A=y o0 o 1 B-l ]
0 00O
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u, =7,

from subsystem (18)-(19), we get
pl = A1p1 + Bluly
P; (0) = plo'
To synthesize the optimal linear control-

ler of problem (20), we will use the following
performance index

(20)

o0

J; = I(p£Q1 P, + u:[Rlul)dt ) (21)

0
where Q, and R, are matrices satisfying solu-
tions of the synthesis problem for control of the
movement along the axis y and the angle ¢.

As a result of solving the synthesis problem and
applying the standard LQR synthesis proce-
dure, we have the state feedback gains
u, =-K,p, in the form of

Ky:[ayl,ayz,a(pl,awz], thus providing for
Y=V, @ —>@, att—o0.

We will now consider the control of the
coordinates ( @, x). In this case, denoting

d(x—xd), ©-0.), d(@-a,

=[(x-x,), —— a7,
p, =[(x—x,) o v ]

01 0 O

0 0 -g O '
A = ,B,=10 0 0 1f,
=0 0 o 1| Bl ]

00 O O

u, =7,,

from subsystem (18)-(19), we get
P, =A,p, +B,u,,

P, (0) = pg-

To synthesize the optimal linear control-

ler of problem (22), in this case we will use the
following performance index

(22)

Jz :I(p;Qz P, +u;R2u2)dt, (23)
0

where Q, and R, are matrices satisfying solu-
tions of the synthesis problem for control of the

movement along the axis x and the angle 4.

As a result of solving the synthesis problem and
applying the standard LQR synthesis proce-
dure, we have the state feedback gains
u, =-K,p, in the form of

sz[aﬁ,axz,agl,agz] , thus providing for
X—>X,,0 >0, att—>o0.

To solve systems (12) and (13), we pro-
ceed as follows. First, we consider (12). Sup-

pose that
d(z-1z,),,
P; :[(Z - Zd)’ %]

Denote

—O . B—O 24
L fol] o

Then from (12) we get
P; = AP, +Bau3,
Ps (O) = pg-
Further, in this case we will use the fol-
lowing performance index

(25)

o0

35 = [ (piQ Ps +UiR,u, )t (26)

0
where Q, and R, are matrices satisfying solu-
tions of the synthesis problem for control of the
movement along the axis z . As a result of solv-
ing the synthesis problem and applying the
standard LQR synthesis procedure, we have the
state feedback gains u, =—K, p, in the form of

K, =[azl,a22] oru,=rn :—azlz'—azz(z—zd),

thus providing for Zz — z, at t — 0.

In a similar manner, we can solve (13).

Then,  substituting u=-K,p, ,
u, =—K,p, and u, =-K, p, in (20), (22) and
(25), respectively, and solving these Cauchy
problems, we get the solutions that are the co-
ordinates of the quadcopter flight path.

Thus, as the result of quadcopter motion
control synthesis, we have (X(t),Yy(t),z(t)),
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for which @ > 6,, x— X,,

y_)yd’¢_)¢d '
{ —>o0.

vy, T2y at
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KVADROKOPTERIN HOROKOTININ VO iDARO OLUNMASININ RiYAZi
MODELLOSDIRILMBSi PROBLEMLORI

M.M. Miitallimov, N.I. Valiyeva, 9.M. Abbasov, F.O. Oliyev

Bu isds kvadrokopterin ugusunun va idars olunmasinin imumi prinsiplori tosvir edilmisdir ki, bunun da
osasinda kvadrokopterin harokatinin riyazi modeli, habels kvadrokopterin dinamikasi nazare alinmaqla idars olunmast

prinsiplori islonmisdir.

Acar sozlar: pilotsuz ucus aparati, kvadrokopter, riyazi model, harakatin idara olunmasi

MPOBJEMBI MATEMATHYECKOI'O MOJAEJNPOBAHUS IBU)KEHUEM
" YIIPABJIEHUS KBAIPOKOIITEPA

M.M. MyraniumoB, H.U. BeaueBa, A.M.A66acoB, ®.A. AsineB

B HaHHOﬁ CTaThC OIMMCaHbI O6HII/IG MPUHIMUIIBI TOJICTA WU YHPABJICHUSA KBAaAPOKOITECPOM, Ha OCHOBEC KOTOPLIX
paBpa6aTI)IBa€TCSI MaTeMaTu4veCcKkass MOACJb JABMXCHUCM KBAJIPOKOIITEPA, @ TAKIKC IPUHIUIIBI YIIPABJICHUSA C YUCTOM

JUHAMHWKU KBaIPOKOIITEPA.

Knrwouesvle cnosa: becnuiommublii iemamenbhblil annapam, KeadeKonmep, mamemamudecKkas



