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GEOMETRIC INTERPRETATION
OF WIGNER SPIN ROTATION
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This paper is devoted to the application of the Wigner method of constructing
representations of the quantum-mechanical Poincaré group 1.50(3.1) using the
small group method and its application in the theory of elementary particles.
Explicit formulas are given for the angles of rotation of the spin during Lorentz
turns, and geometric interpretations of the results of Wigner’s theory in terms
of spherical and hyperbolic geometries are given. The results admit a direct
generalization to the cosmological groups SO(4, 1) and SO(3,2).
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1. INTRODUCTION

In this paper, we consider the Wigner spin rotation under Lorentz transfor-
mations. Full details of the article are in the review [1].
Wigner rotation is determined from the following formula:

A(p, A) = h""(p") Ah(p). 1)

Here A € SL(2,C) and h(p € SL(2,C) are the Lorentz transform and the Wigner
operator ("boost"), respectively; SL(2,C) is the group of complex second-order
unimodular matrices, which is the universally covering group of the Lorentz group
SO(3,1). The matrix A(p, A) defines the rotation of the rest coordinate system:

A(p,A) = R w,mp) = e 130memihoxgizosm, @)
Here 11, w, n2 are Euler angles (in this case Wigner angles!) of rotation R.
We will consider 3 different cases of the matrix A since all other cases are a

combination of them.

-1
1. Let A be the rotation around the y axis: A = e #272%,
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Fig. 1.

The rotation of the rest coordinate system is given by the formulas:

cosd}—cosﬁcosﬁ’; =0, 3)

cosn = . ;
sin 9 sin v/

The expression has a simple geometric interpretation (see Fig..
cos C' = costp = cos ¥ cos ¥ + sin 1 sin ¥ cos .

In this case, we have the cosine theorem of spherical geometry.

2. Let A be a rotation around the axis z: A = e 1273%,

In this case, the Wigner angles are zero: ny =12 = w = 0.

3. Let A represent the Lorentz transformation in the positive direction of the
z-axis:

A= e,
In this case, the Wigner angles are given by the following formulas:

cosh 3 cosh ' — cosh
sinh 3 sinh 3’ ’

n =n2 = 0. (4)

COSW =

cosh 8 = %, sinh 8 = |mp’; cosh B = %, sinh 8’ = |pm| (5)

It can be shown that the expression has an geometric interpretation. We
introduce 4-speeds:
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Fig. 2.

The last equality means that in the 4-velocity space the ends of the 4-vectors lie
on the surface of the hyperboloid (the point (1,0, 0,0) is the vertex of the hyper-
boloid). Obviously, the end of the vector U= (1,0,0,0) will be at the vertex of
the hyperboloid. Consider a triangle formed by vertices at the points 73, u,u’ (Fig.
3).

u“fau = u = cosh 3; ul“au = cosh 3'; u“ulu = cosh a. (6)
If we apply the cosine theorem of hyperbolic geometry for this triangle, we get:

cosha = u“u; = cosh Bcosh 8 — sinh Bsinh 8’ (nn ).

On the other hand, the angle between n’ and n is the angle of rotation around
the axis yo:

/

(nn) = cosw

Finally, we get:

cosh a = cosh 3 cosh 8/ — sinh 8sinh 5’ cos w (7)
It should be noted that the above applies to the case of massive particles:
m? > 0.
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